GOOD PRODUCT EXPANSIONS FOR TAME ELEMENTS OF 
— p-ADIC GROUPS 

o 

^ . JEFFREY D. ABLER AND LOREN SPICE 

C . 

^ , Abstract. We show that, under fairly general conditions, many ele- 

ments of a p-adic group can be well approximated by a product whose 
[ factors have properties that are helpful in performing explicit character 

' computations. 
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1. Introduction 

Suppose F is a non-discrete, discretely valued, locally compact field of 
residual characteristic p with valuation ord, w is a uniformizer of F, and 
f is the residue field of F. (We will weaken these hypotheses on F below. 
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See especially §3.21 ) Each element of f is a coset in the ring of integers of 
F of the unique maximal ideal in that ring. The set S consisting of and 
the roots of unity in F of order coprime to p is a set of coset representatives 
for f. Then every element 'j E F^ has a unique expression of the form 

oo 

7 = 5iw' 

i=ord(7) 

with 5i E S for i > ord(7). For some purposes, it turns out to be more 
convenient to work with expressions of the form 

oo 
i=l 

where ei E S for i = 0,1,2,.... Of course, the terms in this product all 
commute with each other. 

More generally, suppose D is a central division algebra of degree n over 
F. From Proposition 1.4.5 of [ 471 , D has a uniformizer zu^ such that ro^ = 
w, and there is a set S of coset representatives for the quotient of the ring of 
integers of D by its unique maximal ideal such that every element 'j E 
has an expansion of the form 

oo 
i=l 

where ord^i is the unique valuation on D extending n ■ ord on F, and E S 
for i = 0, 1, 2, ... . When the degree n is coprime to p, then as observed 
in lfT4l . every element 7 G -D^ is conjugate to one for which the factors in 
(*) all commute with each other. (Such elements are called normal in [2J. 
This is the motivation for our term 'normal approximation' in Definition 
l6.8l below.) Then, for r = 1, 2, . . . , it is natural to consider the truncation 

r-l 
i=l 

In general, 7<,. is "more singular" than 7 (i.e., has larger centralizer). Al- 
though the specific element 7<,. depends on the choice of uniformizer zud, 
it turns out that the division algebra CDi'J<r) is independent of this choice. 

If the degree tt, of D is prime and vr is a representation of which is 
trivial on the rth filtration subgroup of , then 7<r is either central or 
regular, a dichotomy that is reflected in the differing formulae for the char- 
acter 67r(7) in each case. Whether or not n is prime, the division algebras 
which arise as centralizers of truncations of 7 play an important role in the 
character formulae of [2] (specifically, see §4 of loc. cit.). 
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As the character theory of reductive p-adic groups is still in its early 
stages, there are not many explicit supercuspidal character formulae avail- 
able, but a number of qualitative results have been proven. Supercuspidal 
characters have been computed for SL2(-F) in [i36il : for PGL2(-F) in [41 J; 
and for GL2(-F) in [40J. In these cases, the character tables are complete, 
but it is necessary to place some restriction on the residual characteristic 
of the underlying field F, usually that it be odd. Under similar conditions, 
complete character tables are available for GL3(F) in [15|. Further explicit 
information is known for supercuspidal characters of GL^(F) and SL^(F) 
with i prime (see [HI, [|2l, and (421); GL„(F) (see L2J and [li]) and 
SL„(F) (see Ii30l ) with n not necessarily prime; and Sp4(F) (see [|6l). In 
all of these latter cases, we must place a restriction on the residual charac- 
teristic p of F, and the actual character tables are not yet complete. The 
most detailed information that is available is for the so-called "unramified 
supercuspidal representations" of GL^(F). 

The calculations in mH (see Proposition 7.4), Elll, O, and [|42l| have 
suggested that, since many supercuspidal representations are induced from 
compact modulo center groups, precise control over the terms appearing in 
(some analogue of) the Frobenius formula for induced characters will be 
an important tool in the computation of characters of such representations. 
To this end, it is necessary to have a precise understanding of the effect of 
conjugation on a regular semisimple element. 

Implicit in the above-mentioned papers, and explicit in the calculations 
underlying is the idea of a truncation of an element of a general or 
special linear group, or of a division algebra (as described above). In order 
to compute character formulae for other groups, we need to generalize this 
notion, hence to express an element as an infinite product in a convenient 
way. This is the main goal of the present paper. 

In order for a product expansion to converge, the terms should lie in 
smaller and smaller subgroups in some filtration of G. There is a canonical 
filtration when G = , but not in general. In [28] and f29], Moy and 
Prasad defined a collection of filtrations of G, which will play the same role 
for us. In fact, we need a slight generalization of the Moy-Prasad filtrations; 
so, following Yu in [|48l , in ^|5]we define filtration subgroups associated to 
certain functions on the root system of our group. 

In our forthcoming paper [5], we will apply the structure theory results 
of this paper to compute the values at elements 7 as above of the characters 
of many of the supercuspidal representations constructed by Yu in [|48l . 

We now outline the content of this paper. We no longer suppose that F is 
locally compact. We will assume for simplicity that it is complete and has 
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perfect residue field, but this is not the most general possible condition un- 
der which our results hold (see ^3.2| ). Let G denote a connected, reductive 
F-group, and G its group of F-rational points. 

In [J2l we describe the hypotheses under which we work in this paper. 
Not all of our results require all hypotheses, so we describe precisely where 
in the document each assumption is used. 

In ^|3l we recall some basic definitions and notation, especially regarding 
Moy-Prasad filtrations and the Bruhat-Tits building. Since we are working 
over very general fields, we also re-prove some results about Moy-Prasad 
filtrations which are familiar in the case where F is locally compact. 

In ^ we introduce the notion of compatibly filtered subgroups. These 
are F-subgroups of G for which both the Bruhat-Tits buildings and the 
Moy-Prasad filtrations sit nicely inside the associated objects for G. This 
notion is a mild generalization of that of a tame Levi subgroup of G (see 
Lemmata 13.71 and 13.81) . The principal results of this section. Proposition 
14.61 and Corollary 14. 8[ show that the centralizer of a truncation of a tame- 
modulo-center element of G is compatibly filtered. (This centralizer need 
not, in general, be a Levi subgroup of G.) 

In [48, §§1-2], Yu defined filtration subgroups of G associated to cer- 
tain functions on the root system of G. However, Yu's subgroups are best 
behaved only when the ambient group G is tame. Since we wish to avoid 
such a strong assumption on G, we present a slightly different definition 
in ^21 which coincides with Yu's definition when G is tame. We examine 
commutators of these subgroups (see, for example. Lemma 15.321) and show 
that they support an analogue of the Moy-Prasad map (see Lemma 15.221 ). 
In ^5.3[ we explore further the descent properties of these subgroups un- 
der mild tameness hypotheses on G. Of particular note in this subsection 
is Proposition 15.401 which gives a very concrete picture of our filtration 
subgroups in many cases. 

Now we turn to analyzing the analogue in G of the product decomposi- 
tion (*). If 7 G il* and ordD(7) = 0, then the first term, ^o^d'^"'^^'' — in 
the product decomposition is well defined (i.e., independent of the choice of 
wd)- The analogue in general of this decomposition of 7 G into the "first 
term" and the "remaining terms" of (*) is the notion of a topological Jor- 
dan decomposition of a compact element, which was introduced in [|20i §3], 
and Lemma 2 of [21 , §3]. In a separate paper, one of us (L. S.) defines the 
analogous notion of a topological Jordan decomposition of an element of 
a topological group modulo a subgroup (see Definition 2.23 of iH^l ). and 
discusses when such a decomposition exists (see Proposition 2.36 of loc. 
cit.). 
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In [J6l we begin to discuss the full product decomposition for an element 
of G. In fact, for our purposes, it is most useful not to consider the entire 
infinite product at once, but rather just finite approximations. Thus we in- 
troduce the idea of a (normal) r -approximation (see Definition l6.8l) . which 
will underlie the remainder of the article. We define some useful notation 
(see Definitions 16.41 and 16.61) and observe a few basic but fundamental facts 
(see Remarks 16. 7 1 and [6. 101) . 

Before proving our main results about normal approximations, we need 
to have a detailed understanding of the properties of good elements (see 
Definition 16. II ). In §71 we study the effect of taking commutators with such 
elements. We omit a detailed description of the results of this section, since 
most of them are very technical and intended only for use in the next section. 
The Lie algebra analogues of most of these results are already known (see 
E §2] and [22, §2]). 

In ^ we are in a position to answer questions about the existence and 
uniqueness of normal approximations. Under mild hypotheses on G, all 
tame and bounded modulo center elements of G admit normal approxima- 
tions (see Lemma lOT ). Although normal approximations are by no means 
unique, they are "unique enough", in a precise sense. In particular, the 
centralizer of a truncation of an element is uniquely determined (see Propo- 
sition l8.4l) . Finally, in ^|9l we address the question of how to recognize when 
an element is close to a tame Levi subgroup. This will be important for our 
forthcoming character computations (see dSJ). Lemma [9. 101 describes the 
elements which conjugate something close to a tame Levi subgroup, into 
something close to the tame Levi subgroup. Proposition 19.141 characterizes 
the elements which are close to a tame Levi subgroup that is F-anisotropic 
modulo its center. 

Acknowledgements: This paper was motivated in large part by the 
notes of the late Lawrence Corwin on his computation of characters of di- 
vision algebras and has benefited from our conversations with Paul Sally, 
Gopal Prasad, Stephen DeBacker, Brian Conrad, and Jiu-Kang Yu. It is a 
pleasure to thank all of these people. 

2. Some assumptions 

Suppose F is a discretely valued field as in ^3.21 F*'' is the maximal 
tamely ramified extension of F in a fixed algebraic closure, and G is a 
connected reductive F-group. 

For easy reference, we collect here all the hypotheses on F and G which 
we will need throughout this document. Many of our results remain valid 
if we only assume some subset of these hypotheses. See Remark IZTI for 
a more detailed discussion. Although the hypotheses include some terms 
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which have not yet been defined, every term in each hypothesis will be 
defined before that hypothesis is used. 

Hypotheses. 

(A) The relative root system ^tr$(G) is reduced. 

(B) IfE/Fisa discretely valued, separable extension and'j G G(i?)o+ is 
semisimple, then Cg(7)° is a Levi subgroup ofG. 

(C) There is a connected reductive F -group J such that 

• the absolute ranks of G and J are the same, 

• G is a compatibly filtered F -subgroup of 3 (in the sense of Defi- 
nition^^, and 

• for some (hence every) maximal torus T' in the derived group Jss, 
the order ofP{Jss, T') /X*(T') is not divisible by char f. 

(D) For any tower of discretely valued separable extensions E/L/F with 
E/L Galois and unramified, and any maximal L-torus T in G with 
the same L^^ -split rank as G, we have H^{E/L, T{E)c:c+) = {0} for 
c G R>o. 

Remark 2.1. Hypothesis ([A]) applies in all of §5.3[ and therefore is needed 
in the part of the document which relies on that section, namely, every- 
thing from Lemma 17.21 onward. Hypothesis (|B]) is used only in the proof 
of Lemma 17.61 Hypothesis ^ is used only in the proof of Lemma 17.11 
Hypothesis (|D]) is used in the proof of Corollary I5.38[ and therefore again 
is needed in the part of the document which relies on ^5.3[ 

Remark 2.2. There are several situations in which these hypotheses are 
known to hold. In particular, we will see below that they all hold if char f = 
0. 

Hypothesis (jAj) is satisfied if and only if, for some finite tame Galois 
extension L/F, l$(G) is reduced. By [44. §17], Hypothesis (|Al) is satisfied 
if the (absolute) root system of G contains no irreducible factor of type 
A2„. Hypothesis dA]) obviously holds when G/Z{G)° (which we will later 
denote by G) contains an F^'^-split maximal F-torus; in particular, when 
char f = 0. Lemma lA. 151 shows that Hypothesis ([A]) holds when char f 7^ 2. 

Any finite-order root value of a semisimple element of G(-E')o+ (where 
E/F is a. discretely valued, separable extension) has p-power order, where 
p := charf. (The term "root value" is defined in Definition IA.4I ) Thus 
Proposition |A.7| shows that Hypothesis (|B]) is satisfied if p is not a bad prime 
for G (in the sense of Definition I A. 5 1) : in particular, if p = 0. 

Each of the following conditions implies Hypothesis (|C]) : 

• char f = 0; 

• G has simply connected derived group; 
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• char f > 3, and G contains no factor of type A„ with n divisible by 
char f . 

By Proposition 5.5 of [|49l . Hypothesis dD]) is satisfied if all the relevant 
tori satisfy condition (T) of [|49l §4.7.1]. This is true, in turn, if G is tame; 
in particular, if char f = 0. By Proposition 4.4.16 of (13), it is also true if 
G is adjoint or simply connected. 

Remark 2.3. Clearly, Hypothesis (|A]) is inherited by full-tame-rank closed 
reductive subgroups of G; Hypothesis ([C]) is inherited by full-rank compati- 
bly filtered F-subgroups of G; and Hypothesis dD]) is inherited by full-rank, 
full-tame-rank F-subgroups of G. 

Hypothesis ([B]) is inherited by connected full-rank compatibly filtered 
F-subgroups of G. To see this, suppose Hypothesis (|B]) holds for G, let 
H be such a subgroup, and suppose 7 G H(F)o+ is semisimple for some 
separable extension E/F. Then 7 G G(-E')o+ , so M := Cg(7)° is a Levi 
subgroup of G; that is, M = Cg(S), where S = Z{M)°. By hypothesis, 
there is a maximal F-torus T C H such that E T. Then T is a maximal 
torus in M, so S C T C H. Thus M n H = Cg(S) n H = Ch(S) is a 
Levi subgroup of H. Clearly Ch(7)° C M n H C Ch(7). Since M n H is 
connected, we have M fl H = Ch(7)°. That is. Hypothesis dB]) also holds 
forH. 

Further, all hypotheses are preserved under base change (to a discretely 
valued separable extension of F). As a consequence, whenever we have 
proved a result for the group G = G(F), we will feel free to use it also for 
a group H(F), where H is a full-rank, full-tame-rank reductive (necessarily 
closed and compatibly filtered) F-subgroup of G and E/F is a discretely 
valued separable extension. 

3. Preliminaries 

3.1. Generalities on linear reductive groups. For an abstract group G, let 
Z{G) denote the center of G. For a field F and a linear algebraic F-group 
G, let Z(G) denote the center of G. (By this, we do not mean the scheme- 
theoretic center of G, but rather the underlying reduced scheme. Note that, 
for example, if char F = p and G = SLp, then Z(G) is the trivial variety, 
not the scheme fip whose ring of regular functions is F[X]/{Xp — 1). This 
makes a difference in Remark 14711 ) By Theorem 18.2(ii) of [7|, if G is 
connected and reductive, then Z(G) is defined over F and Z(G)(F) = 
Z(G{F)). Denote by G° the identity component of G, and by G the 
quotient G/Z{G)°. If G is connected and reductive, then, by Proposition 
22.4 of [|71, the natural F-homomorphism G — > G is central (in the sense 
of [0 §22.3]). The image of g E G(F) under this map will be denoted by 
9- 
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We will use bold letters to denote algebraic groups, and the correspond- 
ing normal letters to denote their groups of F-rational points. Thus, for 
example, G = G{F). Note, however, that G = G{F) need not equal 
G/Z(G)°. For convenience, we will often define notation such as, say, Gx,r 
(see ^3.41 ), and omit the analogous definition of the notation G{E)x,r , for 
E/F a discretely valued algebraic extension. 

For g,h E G(F), let lnt{g) denote the inner automorphism of G given 
by X I— >^ gxg~^; [g, h] denote ghg^^h^^; and Ccr^g) denote the centralizer 
of g in G. We will write = lnt{g)h and = lnt(g~^)h. For subsets 
S,S' C G(F), we define ^h, ^S', ^S', etc., in the obvious way. (Use 
similar notations for an abstract group G.) Put Ad(g) = d{lnt{g)) and 
Ad*(^) = Ad(^)*. If X G Lie(G)(F) and X* G Lie(G)*(F), we will 
write 

= Adig)X, X^ = Adig-')X, 

^X* = Ad*{g)X*, {Xy = Ad*{g-^)X. 

For a subset S' C Lie(G)(F) or S' C Lie(G)*(F), define ^S', etc., as 
above. 

LetX*(G) = Homaig(G,GLi) and X,(G) = Homaig(GLi, G). For 
any extension E/F, denote by X^(G) the set of x G X*(G) defined over 

E, and similarly for Xf (G). 

If g E G(F), then let g^s and g^^^ denote the semisimple and unipotent 
parts, respectively, of the Jordan decomposition of g. Note that, if g is F- 
rational, then gss and (^un are defined over some finite, totally inseparable 
extension of F. ^ 

If a torus S acts on G, we denote by $(G, S) and by $(G, S) the col- 
lections of weights and of non-zero weights for the corresponding action on 
Lie(G). 

From now on, G is a linear reductive F-group. If S is a maximal F- 
split torus in G, then $(G, S) is a root system in X*(S') ®i Q by Theorem 
21.6 of [7]. (Here, S' is the identity component of the intersection of S 
with the derived group of G.) We will sometimes write f^{G) instead of 
$(G, S) if we only care about the isomorphism type of the root system. 
We will call the elements of f$(G) F-roots. If S = S' (for example, if G 
is semisimple), then we define the weight lattice P(G, S) to be the space 
of those X e X*(S) ®z Q such that (x, a^) E Z for all E $^(G, S), 
where $^(G, S) is the coroot system dual to $(G, S) and (•, •) is the natural 
pairing of X*(S) ®z Q with X,(S) ®i Q. 

By Grothendieck's theorem (see Theorem 18.2(i) of [7J), a torus in G is 
a maximal F-torus if and only if it is a maximal torus which is defined over 

F. We will often use this fact without further remark. 
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PutM := MU { r+l rGM}u{oo}, and extend the ordering on M to one 
on M as follows: for all r, s G M, 

r < s+ if and only if r < s; 
r+ < s+ if and only if r < s; 
r+ < s if and only if r < s; 

and r, r+ < oo. For r G M and A G M>o, define (r+)+ := r+ and 
A(r+) := (Ar)+. Define also \oo := cxd and 00+ := 00. Extend the 
additive structure on M to an additive structure on M in the natural way. Let 
:= { r G i I r > 0} and i>o := i>o U {0}, and define M>o and M>o 
similarly. 

3.2. Buildings and affine root groups. Assume from now on that F has 

a non-trivial discrete valuation ord, and that there is a subfield of F, over 
which F is algebraic, which is complete and has perfect residue field. For 
any algebraic extension E/F, denote again by ord the unique extension of 
ord to a valuation on E. If this extended valuation ord remains discrete, 
we will say that E/F is a discretely valued algebraic extension. Note that 
this happens precisely when E/F has finite ramification degree. Fix an 
algebraic closure F of F. Let F"^/F, F^'/F and F'^'p /F be the maximal 
unramified, tame, and separable subextensions of F/F, respectively. For 
r G M, put = {t G F I ord(t) > r}. Put = F0/F0+, the residue 
field of F. When F is understood, we will often just write f. Put also 
= {teF \ ord(t) = 0} and (if r > 0) F^^ = 1 + . 

By Proposition 16.4.9 of [44l|, some twist of G by an element of the 
cohomology set H\F'"'p / F'''' , G^d{F'"'P)) is F^^^-quasisplit, where Gad is 
the adjoint group of G. By Theorem 12 of [|26ll . F"" is Ci (as in the second 
definition of p. 374]). By Corollary II.3.2 of [HI, dim(F"°) < 1, so, 
by [1 §8.6], /7i(F^^P/F^'^,Gad(i^'''P)) = {0}. Thus G is F^'^-quasisplit. 
We will use this fact frequently without mention. 

Let B{G, F) denote the (enlarged) Bruhat-Tits building, and B'^^{G, F) 
the reduced building, of G over F. Note that B'^'^{G, F) and B{G, F) are 
canonically isomorphic, and 

-B(G,F) = B''"^{G,F) X Vf{Z{G)) 

(where Vf{Z{G)) is an affine space under Xf (G) ®z R = Xf (Z(G)) ®z 
M). Denote by pr or pr^. the natural projection B{G, F) — > B^°^{G, F), 
and by x the image of a typical element x G B{G, F) under pr^. If F/F is a 
discretely valued algebraic extension, then there are canonical embeddings 
;B(G,F) ^ B{G,E) and B''"^{G,F) ^ B'"^{G,E), and we have that 
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P^e|/3(gf) ^ P^-P' Galois, then Ga\{E / F) acts on B{G,E), 

and we have that i3(G, F) C i3(G, with equality when E/F is 

tamely ramified (see Proposition 5.1.1 of [35]). 

Suppose that S is a maximal F-split torus in G (but not necessarily a 
maximal torus). For a E $(G,S), Proposition 21.9(i) of [7] shows that 
there is a unique connected F-subgroup Ua C G, normalized by Cg(S), 
such that Lie(Ua) is the direct sum of the root subspaces of Lie(G) corre- 
sponding to positive integer multiples of a. If a = 0, then put U„ = Cg(S). 
If a ^ $(G,S), then put U„ = {1}. 

We will denote by ^(S) the "empty" apartment associated to S over F. 
(As in [25], we use the word "empty" to indicate that there is no polysim- 
plicial structure. However, for convenience, we will regard it as equipped 
with its natural metric as an affine Euclidean space.) If we regard ^(S) as a 
subset of B{G, F), and wish to emphasize its polysimplicial structure, we 
will write G"^(S) instead. Recall that the space X*(S) acts transitively 
on ^(S), giving the latter the structure of an affine space. The gradient (p 
of an affine function on v4(S) is thus a linear function on X^,(S) ®z I^- In 
particular, via the natural pairing X*(S) x X*(S) — ^ Z, we may identify 
with an element of X*(S) ®z M. 

For any affine function LponA{S), define to be the function on ^(S) 
given by {ip+){x) = {ip{x))+ for x G ^(S), and put {(p+)' := (p. We will 
also refer to as an affine function. For every root a E $(G, S), there 
are filtrations {U^),^ and (u^^)^ of the corresponding root group Ua and root 
space Lie(f/a), respectively, both indexed by affine functions if on ^(S) 
such that (p = a. (The indexing of the filtration depends on our choice 
of valuation ord.) If necessary, we will write pU^ instead of just to 
indicate the dependence on the field F. We will not define these objects 
here (but see ^3.31 and the proof of Proposition |4.6l) . 

Denote by ^(G, S) the set consisting of the affine functions on ^(S) 
such that if E $(G, S), together with the constant function (y9 = oo on 
^(S). Denote by $(G, S) the union of \[^(G, S) with the collection of 
]R>o-valued constant functions on ^(S). The elements of \I/(G, S) will be 
called affine roots (or affine F-roots). Note that this is contrary to the usual 
usage, which calls an element ip E ^{G, S) an affine root only if ^ U^p-i- 
(or U^p 7^ ■ U21P , if is multipliable). 

Suppose that E/F is a discretely valued algebraic extension such that G 
contains a maximal F-split torus S** defined over F. For any affine F-root 
i^, "{eU^) = EU^oa for (T E Aut(F/F); and, if S« = S, then pU^ = 

eU^ n . 

A proof of the following lemma appears in the proof of Proposition 1.4.1 

oim. 
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Lemma 3.1. Suppose that G is F-quasisplit and S is a maximal F-split 
torus in G. For any affine function (p on A{S), pU^ — {Y[ eU^) H U^{F), 
where E is the splitting field o/Cg(S) and the product runs over all affine 
E-roots ip whose restriction to A{S) is (f. 

Because of the following lemma, the fact that our field F need not be 
complete does not cause any serious difficulties. The statement is lengthy 
only so that the result can cover all necessary applications; the proof itself 
is quite easy. 

Lemma 3.2. Suppose that 

• M' is a subfield of F such that 

- F/M' is algebraic, 

- M' is complete with respect to the restriction o/ord, and 

- fiw' is perfect; 
and 

• G^, . . . , G" are finitely many F -groups (not necessarily connected 
or reductive). 

Suppose that we are given also, for each 1 < i < n, 

• a finite subset 5* ofG^; 

• an F-split torus T* in G*; and 

• a finite subset .F* o/B(G*, F) (whenever the building makes sense). 
Then there is a finite subextension F' /M' of F/M' such that F' is complete 
with respect to ord, F/ F' is unramified, and, for each 1 <i <n, 

• G* and T* are defined over F', 
m S'C G'(F'); 

• C B{G\F') (whenever the building makes sense); and 

• splits over F'. 

Proof. Let whea uniformizer for F and put M = M' [zu] . Then the value 
groups of M and F are the same. Since the residue field of M', hence also 
of M, is perfect, fir/fM is separable. Thus F/M is unramified (in particular, 
separable). 

We may, and hence do, assume that each is some G^ . Since each 
G* is an affine F-variety, there exist integers m and r and polynomials 
fu{x), .... fnr{x) e F[xi, . . . , Xm] such that the ring of regular functions 
on G* is of the form 

F[xi, . . .,Xm]/{fij{x) : J = L . . . ,r) 

for i = 1, . . . , n. Denote by X' an integral basis of X,(T^) = Xf (T*). 
Now let N be the fixed field in M'^p = F'^'p of the stabilizer in Gal(M"<^P /M) 
of {fij{x) I i = 1,. . . ,n;j = 1, . . . r}, and F' the fixed field in N^'^p — 
psep lYie common stabilizer in Gal(A^^^P/A^) of the various A"*, and 
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S\ Since all of the sets in question are finite, the relevant stabilizers are 
open, so N/M and F'/N, hence F'/M, are finite. Since M/M' is finite, 
so is F'/M'. Further, since Gal{F^^'^ / F) fixes the various X\ JF*, S\ and 
fij (f) , we have that F' C F. □ 

3.3. Les epinglages. In this subsection only, let T be a maximal F-torus in 
G, and E/F a discretely valued Galois extension over which T splits. For 
each a E $(G, T), denote by Fa the fixed field in E of stabGai(£;/F) ce. 
By Theorem 18.7 of (7), there is an F^'^^-isomorphism (in fact, an E- 
isomorphism) Add — > Ua such that, for any t E T(F), the puUback 
of the conjugation action of t on Uq is scalar multiplication by a{t) on 
Add. Since Add, T, and Uq are defined over Fa, the set of such isomor- 
phisms is a GLi-torsor over F„. Since i/H^^^/^a, GLi(F^^p)) = {0}, 
the torsor has a Gal(F^°P/FQ,)-fixed point. Choose such a point, i.e., iso- 
morphism, and call it e^. Since a o o a^^ = ea for a E $(G, T) and 
a E stabcaHE/F) ct, we may, and hence do, make our choices in such a way 
that cr o o = e^a for a E $(G, T) and a E GaA{E/F). 
Now suppose that L/F is a Galois subextension of E/F such that 

• G is L-quasisplit, 

• T contains a maximal L-split torus in G which is defined over 
F, and 

• $(G,S«) is reduced. 

Define fields for a E $(G, T) by analogy with the fields Fa above, 
and let Ol and Ol^ be the rings of integers of L and La, respectively. As 
in [|T3l §4.1.5], the F-epinglage {ea)ae'S>{G,T) of G E gives rise to an 
L-epinglage (ea)ag$(G,stt) of G 0f L, from which in turn we deduce, as in 
IfTSl §4.3], for each affine L-root (p an O^-scheme il^ such that 

• the generic fiber of il<^ is U;^; 

• if a G $(G, T) restricts to (p, then there is an O^-isomorphism 
Rolc/Ol — ^ which induces the map e<^ on generic fibers; 
and 

• ^^{Ol) = U^. 

Moreover, if Lpi > and Lpi = 02, then there is an inclusion ii^-^ ^ il^j 
which induces an isomorphism on generic fibers. 

Fix an element a E $(G,S''). For any affine L-root with Lp = a, 
Lie(U^) is the generic fiber of Lie(il^). By 149, §8.7], = Lie(il^)(CL). 
Thus the natural Oi-isomorphism Add = Lie(Add) furnishes an isomor- 
phism e.^p : \l^p — > U^p. These maps are compatible, in the sense that, if 
V?! > (p>2 and (pj = a for j = 1,2, then e™| = e^^,. Thus they may 
be pieced together to form an isomorphism Lie(Ua)(L) — > IJ aiL), which 
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(by abuse of notation) we will denote by e^. By following the details of the 
construction, one verifies easily that a o o = e^-a for cr G Gal(L/F). 

3.4. Filtrations and depth. The group G acts on i3(G, F) by isometries. 
We call a subgroup K of G bounded if its image in the isometry group 
of -B(G, F) is bounded in the sense of Exemple 3.1.2(b) of [[T2|. i.e., if 
and only if the orbit under K of any bounded subset of i3(G, F) remains 
bounded. Clearly, stabG(x) is bounded for any x E B{G, F). Conversely, 
suppose that K is a bounded subgroup of G, and fix y G B^'^'^{G, F) (arbi- 
trarily). By Proposition 3.2.4 of loc. cit., K fixes a point x in the closure of 
the convex hull of K -y, hence acts by translations on any lift x G B{G,F) 
of X. Since the orbit of x under K is bounded, we have that K C stabG(a;). 
If N is a closed normal subgroup of G, then we call a subgroup K of G 
bounded modulo N if its image in (G/N)(F) is bounded. Then a subgroup 
of G is bounded modulo center if it fixes a point in B^'^'^{G, F). Call an 
element of G bounded (respectively, bounded modulo N) if it belongs to a 
subgroup of G that is bounded (respectively, bounded modulo N). When 
F is locally compact (equivalently, f is finite), a subgroup is bounded if and 
only if it is pre-compact. When F is an algebraic extension of a locally 
compact field, an element is bounded if and only if it belongs to a compact 
subgroup. For every point x G B{G,F), the stabilizer stabG(a;) is open 
and (as we have observed) bounded, and contains a normal and finite-index 
subgroup Gx , the parahoric subgroup associated to x, which depends only 
on the image x of x in ^'^'^(G, F). (See Definition 5.2.6 of ifBll .) 

Lemma 3.3. Suppose that 

• G is F-quasisplit, 

• X, ?/ G ^(S), and 

• g E G satisfies g ■ x = y. 

nengeNG{S)-G,. 

Proof. We have that x G ^(S) n ^(S^). By Proposition 4.6.28(iii) of 
ifBll, there is h e G^ such that S^^ = S. That is, gh G Ng{S), so g e 
Ng{S) -G,. □ 

The set T of F-rational points of an F-torus T comes equipped with a 
natural filtration. First, note that T has a unique maximal bounded subgroup 
Tb , and a unique parahoric subgroup Tq . These two groups are equal if T 
is F-split, or, more generally, if, over some unramified extension of F, T 
is a product of induced tori; but, in general, we can only say that Tq is a 
finite-index subgroup of Tb . For r G M>o, we put 

T, = {t G To I ord(x(t) - 1) > r for all x e X*(T)}. 
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The filtration (Lie(T)r)j,gg on Lie(T) is defined similarly (except that we 
do not have to worry about passing to finite-index subgroups). 

For (x, r) G B{G, F) x R with r < oo, Moy and Prasad (see and 
[|29l ) define a lattice Lie(G)a. in Lie(G') and, if r > 0, a bounded open 
subgroup Gx,r of G as follows. By CoroUaire 5.1.12 of fT3\, there exists a 
maximal F"°-split torus which is defined over F. Fix such a torus S". Since 
G is F"°-quasisplit, T := 6*0(8") is a maximal torus in G. Put 

G(F""),,, = (T(F-'^)„?7^ : 7^ e ^(G,S«),^(x) > r) if r > 

and 

Lie(G)(F"°),,, = Lie(T)(F-'^), © J] u^, . 

?/'(a;)>r 

(In both cases, we may restrict the indexing set to those 'ip E ^(G, S") for 
which tjj{x) = r.) These groups and lattices are Gal(F^"/F)-stable. Put 

G^^r = G(F"°)^,, n G and Lie(G)^,, = Lie(G)(F"°)^,, n Lie(G). 

We have that Gxfi = Gx ■ These definitions extend in an obvious fashion to 
the case r = 00, giving Gx,r = {1} and Lie{G)x,r = {0}. 

Remark 3.4. By Proposition 6.4.48 of [[T2| and Lemma [X2l the multiplica- 
tion map 

T(F"")r X H FunU^ ^ G{F'''')x,r 

i/)e*{G,stt) 

ip{x)=r 

(the product taken in any order) is a bijection when r > 0. 
For a fixed x e B{G,F), {Ue{G)x,r)reR>o ('^^.'')rGS>o 

r<oo r<oo 

tions of Lie{G)xfl and Gxfi by normal lattices and open normal subgroups, 
respectively. (The indexings of these filtrations depend on our choice of val- 
uation ord.) Put Gr = UxgB(G,F) Gx,r and Lie(G)^ = UxgB(g,f) Lie(G)^,^ 
for r G ]R>o or r G R, as appropriate, with r < 00. Put Goo = nrGi>o 

r<oo 

and Lie(G)oo = f] rei Lie(G)r . (These sets are related to the sets of unipo- 

r<oo 

tent elements in G and nilpotent elements in Lie(G), respectively. See 
E §§2.5, 3.7.1].) 

For X G 13{G,F), there are (]R.>o U {cxD})-valued functions on Gx^ 
and d on Go , given by dx{g) = max |r G ]R>o U {c)o} | g G Gx.,r} and 
d{g) = max |r G M>o U {00} | (7 G G^.} for all appropriate g. Similar 
(but (M U {oo})-valued) functions are defined on Lie(G). If necessary, we 
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will denote these functions by d^x and do to indicate the dependence on 
G. 

If a group Q has a filtration {Gi)i^i, then we shall frequently write Qi^j 
in place of Gi/Qj when Qj C (even if the quotient is not a group). For 
example, we put F^.^ = Fr/Ft, U^^.,^^ = U^JU^^, and Gx,r:t = Gx,r/Gx,t 
for r < t (and r > 0, in the last case) and for affine F-roots ^pi and (/92 such 
that 01 = 02 and ^pi < ^P2- 

Definition 3.5. There is a (not necessarily connected) reductive f-group G^^ 
such that stabG(£;)(a^)/G(-E')2,.^o+ = Gj,(f£;) whenever F/F is an unramified 
extension. If necessary, we will write instead of just G^; to indicate the 
dependence on the field F. 

In the notation of Definition 13. 5 [ Gxfl:Q+ is the group of f-rational points 
of G°. (In the notation of [46. §3], G^ = GJR^^(G^) and G° = G'f. Most 
authors use G^; to denote what we are calling G°.) 

If G is F- anisotropic, then Lie(G')^ ,. = Lie(G),. and G^. ^ = G,. for 
all X E B{G, F) and r G M (respectively, r G M>o)- In particular, G 
has a canonical filtration. We have already seen what this filtration looks 
like when G is a torus. In any case, if S is a maximal F-split torus in G, 
then Cg(S) is F-anisotropic modulo its center. For any constant M- valued 
function (p = r on ^(S), we put = Lie(CG(S))(F)r and (if r > 0) 
= CG(S)(F)r . If V9 is an affine function on ^(S) whose gradient does 
not belong to $(G, S), then we put = = {1} and = = {0}. 

3.5. Filtrations and descent. In this section, we gather together some re- 
sults, most of which are well known. Suppose 

• (x,r)Gi3(G,F)xi>o, 

• F/F is a discretely valued algebraic extension, and 

• M is an F-Levi subgroup of G. 

( Throughout, we will call a subgroup of G an F-Levi subgroup if it is a 
Levi component of some parabolic F-subgroup of G. An F-subgroup of G 
which is a Levi component of some parabolic F-subgroup of G (for some 
extension F/F) will be called an E-Levi F-subgroup.) 

Recall that we have defined functions d and on certain subsets of G. 
Denote by dM and dM,x the corresponding functions defined on the cor- 
responding subsets of M. For any discretely valued algebraic extension 
K/ F, denote by and d^ the corresponding functions defined on the 
corresponding subsets of G{K). 

Lemma 3.6. Let T be an F -torus. When EjF is tame and r > 0, T n 
T(F),. = Tr . When E j F is separable, Tq fl T(F),. = In general, there 
is some finite Galois extension K/ E such that Tq fl T{K)r = . 
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Proof. For any extension K/ F, we have by the definition of the filtration 
that To n T{K)r C T, . If Tq C T{K)o , then also C T{K)r . If E/F is 
separable, then fix an element t E Tq . By Lemma [3^ there is a complete 
subfield F' of F such that 

• F/F' is unramified, 

• T is defined over F', and 

• t e T(F'). 

In particular, t G T(F)[j^''^^^/^'\ which, by definition, is T(F')o ■ By an- 
other application of Lemma I3.2[ there is a finite subextension E' / F' of 
E/F' such that E/E' is unramified. By Lemma 2.1.2 of [4J, t G T(E')o • 
Since E/E' is unramified, T(E')o C T(E)o by definition. Thus, t G 
T(E)o ; so To C T(E)o . If T is A"-split, then T{K)q = T{K% , hence 
contains To . The third statement follows. 

If charf = 0, then T and E/F are tame, so Proposition 4.7.2 of [|49l 
gives the first statement in this case. The first statement will follow in 
general once we know that T fl T(_E')o+ C To when E / F is tame and 
p := charf > 0. Since T{E)o+ C T{E)o+, where E/F is the Galois 
closure of E/F, we may, and hence do, assume that E/F is Galois. Since 
To = T(T"°)o ^'^^""/^^ by definition, it suffices to assume that F = T"°. 
In the notation of [23, §7.3], with L = F and L' = E (so, in particular, P is 
the inclusion of T in T{E)), we have by (7.3.2) of loc. cit. that 

a{wT(EMt))) = a{N{wT{t))) = [E : F]wT{t) 

for t E T. ([23] works over the completion of the maximal unramified 
extension of a p-adic field; but, as in [33], the same reasoning works for 
any Henselian field with algebraically closed residue field, such as F.) By 
Lemma 2.3 of [HI, To = keru;T and T(E)o = keru;T{i?), so j^'^'-^^ E Tq 
whenever 7 G Tfl T(£')o . If further 7 G T(£')o+ , then, since the sequence 
(7*'")„(=z>o ill T tends to the identity element, and To is an open subgroup 

N 

of T, there is some positive integer such that 7^ G To . Since [E : F\ 
and p are coprime, we have that 7 G To . □ 

Lemma 3.7. If E/F is separable, then G{E)x,r n G 3 Gx,r- If E/F is 
unramified, or r > and E/F is tame, then we have equality. 

Proof. By Lemma [X2] and the definition of the filtration, G(-E')^ ,. fl G is 
the union of all the subgroups of the form G(T)^ fl G(T') , where F' is 
a complete subfield of T, L is a finite extension of F' contained in E, and 
E /Lis unramified. Thus, we may, and hence do, assume that E/T is finite, 
and that F (hence E) is complete. For r = 0, the containment is Lemma 
2.1.2 of [4J. For r > 0, Proposition 1.4.1 of [1] shows that the containment 
always holds. For E/F unramified, equality follows from the definition of 
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the filtration. For r > and E / F tame, equality is proven in Proposition 
1 .4.2 of (using the conclusion of Lemma [X6l) . □ 

Lemma 3.8. n M = Mr, and, ifx e B{M, F), then G^^r n M = M^,^ . 

In the statement of the lemma, we have regarded i3(M, F) as a subset of 
B{G, F), as in (or Definition |43] below). 

Proof. Once we know the results for all r < oo, the results for r = oo will 
follow. Therefore, we may, and hence do, assume that r < oo. 

It is clear (from the second part of the lemma) that C fi M. 
Choose an element g E GrCi M. Then there is some y E B{G, F) such that 
g E Gy^r ■ By Lemma [X2l there is a complete sub field F' of F such that 

• G and g are defined over F', 

• M is an F'-Levi subgroup of G, 

• yE S(G,F'),and 

• F/F' is unramified. 

Then, by Lemma 1X71 g E G(F%,^ n M(F'). By Theorem 4.1.5 of (W\, 
g E M(F% j. . By another application of Lemma l3.7[ g E Mr . 

By a similar argument, we may, and hence do, assume for the second 
statement that F is complete. For r = 0, the statement is Lemma 4.2.2 of 
ifTell. For r > 0, it is Theorem 4.2 of [|29ll. □ 

Lemma 3.9. When E/F is separable, G{E)r (1 G D Gr ■ If E/F is un- 
ramified, orr>0 and E/F is tame, then we have equality. 

Proof. Once we know the result for all r < oo, it follows for r = oo; so we 
assume throughout that r < oo. In this case, the containment follows from 
Lemma [377] _ _ 

Suppose that 7 E G(F),. n G. Then 7 E G(F)r n G, where E is the 
Galois closure of E over F. Since E/F is unramified (respectively, tame) 
if E/F is, we may, and hence do, assume that E/F is Galois. Choose 
X E B{G,E) with 7 E G{E)^^r- Then 7 E G(F)^^,^ for a e Gal(F/F), 
so 7 G G{E)x^r , where x is the center of mass of the Gal(F/F) -orbit of x. 
Suppose that F/F is tame. Theni E i3(G, F)^^'(^/^) = i3(G,F). If E/F 
is unramified or r > 0, then we have by another application of Lemma [377] 
that 7 E Gx,r ■ That is, G{E)r CiG C Gr ■ The reverse containment being 
obvious, we have equality, as desired. □ 

Lemma 3.10. If S is a maximal F-split torus in G and x,y E ^(S), then, 

for any g E Gx,r H Gy^r+ , we have that gGx,r+ ^ Gz,r+for z E (x, y) suffi- 
ciently close to x; and there is a parabolic F -subgroup P 0/ G containing 
S (depending on g) such that g E Ru_n{P) ■ Gx,t+, where i?un(P) is the 
unipotent radical of P. 
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Here, (x, y) denotes the open line segment between x and y in ^(S). 

Proof. By Lemma [321 there is a complete subfield F' of F such that 

• G and S are defined over F', 

• S is F'-split, 

• g is defined over F', and 

• F/F' is unramified. 

By Lemma [3/71 g E G(F%. fl G(F')y • Thus, we may, and hence do, 
assume that F is complete. 

The first statement is proved in the proof of Corollary 3.7.10 of [[3l. The 
second is proved in the "C" part of the proof of Lemma 4.3.2 of |[T6l for 
r = 0, and in the proof of Lemma 3.7.6 of [[3] for r > 0. □ 

Lemma 3.11. stabG(x) fl Go = Gx,o- 

Proof. Let g G stabG(x) fl Gq • By definition, G acts by translations on the 
factor Vp(Z(G)) in i3(G,F) = B""^{G, F)xVf{Z{G)). Since Gq consists 
of bounded elements, it acts trivially on Vf{Z{G)), so in fact g E stabG'(x). 
Further, g E Gyfi for some y E B{G, F). From Lemma [X2l we may pick a 
complete subfield F' of F such that 

• G is defined over F', 

• F/F' is unramified, 

• x,y E i3(G,F'),and 

• 9 e G(F'). 

Then g E stabG(F')(^)' ^i^d, from Lemma [3771 g E G(F%_o ^ G(F')o. 
By Lemma 4.2.1 of [16], G(F')o n stabG(F')(a;) = G(F%,o ^ G^,o ■ The 
reverse containment, hence equality, is obvious. □ 

3.6. The effect of the center on depth and degeneracy. Fix (x,r) E 

i3(G,F) xi>o. 

Lemma 3.12. Z{G) n G^,, = Z{G) n Gy^rforany y E B{G, F). 

Proof. By Theoreme 7.4.18 of there exists a maximal F-split torus S 
such that x,y E A{S). By Lemma [X8l 

z{G) n G,,,, = z{G) n {Cg{S) n G,,,) = z{G) n Gg(5). , 

and similarly for Z{G) fl Gy^r ■ D 

Lemma 3.13. If z E Z{G), then zGx,r ^G.^. if and only if z E Gx,r- 

Proof. The 'if part is clear. 

For the 'only if part, suppose that zGx^r H Gr 7^ 0. Since Lemma [3.1 II 
gives zGx,r n Go C stabG'(x) fl Gq = G^^^q , we have z E G^fi ■ Put 
t = d^(z). By Lemma [37T21 Z{G) n Gy^t+ is independent of y G i3(G, F), 
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SO we have that t = d{z). If t > r, then we are done, so assume t <r. From 
Lemma [3TT0I all elements of zG^^r ^ zGx^t+ have depth t, so zG^^r H G,. is 
empty, which is a contradiction. □ 

Corollary 3.14. Z{G)G^^r n = G^,^ • 

Lemma 3.15. Ifg G Gx,r and gGx,r+^Z{G)Gr+ 7^ % then g e Z{G)Gr+. 

Proof. Suppose that z G Z{G) is such that gGx,r+ H zGr+ 7^ 0. Then 
7^ z^^gGx,r+ n Gr+ C 2;~^Ga;_r H G^ , SO, by Lemma [3T3l 2; G G^j^r • 
Therefore, z^^g G G^j^^ , so Lemma [3!T0l implies that z^^g G G,.+ . □ 

4. Tameness and compatible filtration 

Remark 4.1. Let N be a closed normal F-subgroup of G. By Theorem 
AG. 17.3 and Proposition 6.5 of [7J, the map G — > G/N is a submersion 
of varieties. Fix an open subset U of G. By Lemma [3^ U = lim(f/ fl 
G(F')), the limit taken over all complete sub fields F' of F over which G 
is defined. For such a field F', the induced map G(F') — > (G/N)(F') 
is a submersion of analytic manifolds, hence, by Theorem II.III.10(2)(2) 
of Mi P- 85], an open map. Thus the image UnG {F') of U n G(F') 
in (G/N)(F') is open there; so the image U = limf/ n G(F') of U in 
(G/N)(F) = lim(G/N)(F') is open there. That IsTg — > (G/N)(F) is 
an open map. 

Denote by G the image of G in (G/N)(F), with the subspace topology. 
Then G is 

• open in (G/N)(F); 

• closed in (G/N) (F); and 

• homeomorphic to G/N. 

If F is complete (respectively, locally compact), then so are G and (G/N)(F), 
hence also G. 

Definition 4.2. Suppose that N is a closed normal F-subgroup of G. Say 
that G is F-tame (respectively, F-tame modulo N) if it contains a maxi- 
mal F-torus T such that T (respectively, T/(N fl T)) splits over a tame 
extension of F. If S is an F-torus in G, we will often say that S is F-tame 
modulo center instead of F-tame modulo Z{G) if G is understood from 
the context. 

Say that an element 7 G G is F-tame in G (respectively, F-tame in G 
modulo N) if it is semisimple and Gg(7)° is F-tame (respectively, F-tame 
modulo N). We will omit "in G", and say that 7 is F-tame modulo center 
instead of F-tame modulo Z(G)° , if G is understood from the context. 

We will frequently say tame instead of F-tame if F is understood. 
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Note that a torus which is F-tame modulo a group N need not actu- 
ally contain N. If N' is another normal subgroup such that N' 3 N and 
G/N' — > G/N is a central isogeny, then, by CoroUaire 1.9(a) of we 
have that an F-torus or element of G is F-tame modulo N if and only if it 
is F-tame modulo N'. In particular, F-tameness modulo Z{G) is the same 
as F-tameness modulo Z(G)°. 

Definition 4.3. Suppose that i : H — > G is a closed embedding of reduc- 
tive F-groups. Given a discretely valued algebraic extension E/F,we say 
that a map is ■ i3(H, E) — > B{G, E) preserves filtrations over F if 

(1) i^; is an Aut(F/F)-equi variant isometry; 

(2) iE{hx) = i{h)iE{x) for h e H(F) and x e BiH, F); 

(3) for every maximal F^'^-split F-torus Sh ^ H, there is a maxi- 
mal F*''-split F-torus Sg ^ G such that ^(Sh) ^ Sg and ie re- 
stricts to an affine injection of ^(Sh)^''^*^'^"''^^ C B{B., E) into 

(4) for all (x, r) G B(B., F) x M>o, H(F)^,^ is the preimage in H(F) 
of G(F)jg(^.)^r • 

We say that an F-embedding i : H — > G of reductive F-groups is 
filtration preserving over F if there is a system 

{iE-. B{H,E) — y B{G,E))e/f a discretely valued separable extension 

of filtration-preserving embeddings of buildings such that, for all pairs F/F 
and F'/F of discretely valued separable extensions with F' C F, z^; | 

iE'- If H is a reductive F-subgroup of G such that the inclusion H G 
is filtration preserving over F, then we say that H is a compatibly filtered 
F-subgroup of G. 

When such a system exists, we will often use it to identify the buildings 
of H (over various fields) with subsets of those of G, using the same letter 
for an element of B{ii, F) and its image in B{G, F). 

For every discretely valued separable extension F/F, there is a canon- 
ical H(F)- and Aut( F/F )-equivariant isomorphism iE : i3(H°,F) — > 
Bin, F). We have H(F),^(,.),, := H°(F),,, for (x, r) G S(H°, F) x i>o, 
and the maps i^; are compatible in the sense of Definition l4.3[ Thus H° is a 
compatibly filtered F-subgroup of G if H is. 

Note that, if H is a compatibly filtered F-subgroup of G and L is a 
compatibly filtered F-subgroup of H, then L is a compatibly filtered F- 
subgroup of G. 

Lemma 4.4. Suppose that H is a compatibly filtered F-subgroup ofG and 
X G B(B., F). Then H^^q C q- 
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Proof. ByDefinition|43lH(F^^'^)^.o+ = stabH(F-)(x)nG(F^'')^,o+ • Thus 

H.d) = stabH(F-)(a;)/H(F'^°),,o+ 

C stabG(F-)(x)/G(F""),,o+ = G,(f), 

so 

H(F-).,o:o+ = H^d) C G:d) = G(F-).,o:o+ . 

In particular, H(F--),,o C G(F"'^),,o- Since /7,,o = ^{F^''tf''^^'^\ 
and similarly for Gxfi , we have the desired containment. □ 

Lemma 4.5. If E/F^^ is an algebraic extension, then any E-split F -torus 
in G is contained in some maximal E-split torus in G which is defined over 
F. 

We emphasize that the torus in question is maximal among i?-split tori, 
not just among .E-split F-tori. 

Proof. Let E' / F be the maximal Galois subextension of E/F. Since F 
is Galois, E' contains Since an F-torus is F-split if and only if it is 
£"-split, we may, and hence do, assume, upon replacing E by E', that E/F 
is Galois. 

Fix an F-split F-torus S'. Since the F-split ranks of G and Cg(S') are 
the same, upon replacing G by Cg(S'), we may, and hence do, assume that 
S' is central in G. Denote by S^pj the maximal F-split subtorus of S'. By 
CoroUaire 5.1.12 of [jT3l, there exists a maximal F^'^-split F-torus S'Mn G 
containing S^pj. Since S'" is F-split, it is contained in a maximal F-split 
torus S" in G. In particular, is a maximal F-split torus in (70(8'"). Since 
G is F^'^-quasisplit, CaiS'"^) is a maximal F-torus. In particular, it has a 
unique maximal F-split subtorus, namely S*; so is Gal(F/F)-stable, 
hence an F-torus. Finally, since S' is F-split, there is an element g E G(F) 
such that f S' C S». Since S' is central in G, we have that ^'S' = S'. □ 

The following proposition is an example of a situation in which a sub- 
group of G is compatibly filtered over F. 

Proposition 4.6. Suppose that H is a connected reductive F-subgroup of 
G such that the absolute ranks o/H and G are the same, and there is some 
tame extension L/ F^'^ such that H and G have the same L-split rank. Then 
H is a compatibly filtered F-subgroup of G. Moreover, for any discretely 
valued separable extension E/F, the image o/i3(H, F) in i3(G, F) is in- 
dependent of the choice of filtration-preserving embeddings over F. 

Remark A.l. We will actually prove a stronger uniqueness statement; namely, 
that, if {ie) and {i'^) are two compatible systems as in Definition I4.3[ then 
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there is some A G Xf (Z(H)) ®z M such that, for all discretely valued 
separable extensions E/ F, isix + A) = i'^ix) for x G i3(H, E). 

Proof. By Lemma |431 there exists a maximal L-split torus in H which is 
defined over F. Upon replacing L by the compositum with F^"^ of the split- 
ting field of such a torus, we may, and hence do, assume that L is discretely 
valued and strictly Henselian, hence that G and H are L-quasisplit. 

Let E/F he a discretely valued separable extension. Assume first that 
E ^ L (hence that E is strictly Henselian); we will show how to handle 
arbitrary E later. Let S be a maximal i^-split torus in H. By Lemma |A.12[ 
S is also a maximal .E-split torus in G. Since they have the same underlying 
affine space, there is a natural affine isometry z^; s of h^(S) with g-^(S). 
Since iVH(S)(^) C Ng{S){E) and Aut(^/F) act on ^(S) by affine trans- 
formations, this identification is A^h(S)(-E')- and Aut(£'/F)-equivariant. If 
K/ E is a further discretely valued separable extension and S" is a maximal 
fC-split torus containing S, then iK,s» restricts to iE,s- 

We recall from [46, §1.4] (where they are denoted by X^) the definition 
of the affine root subgroups U^. This will be useful later in the proof. Sup- 
posea G $(11,8) C $(G,S). From Lemma lA. 131 the root subgroups of G 
and H associated to a are the same, so we may write Uq without ambiguity. 
Suppose Lf is an affine function on ^(S) such that Lp = a. If a = 0, then 
recall that = T(E)r , where T is the unique maximal torus in H (or G) 
containing S and r is the value of the constant function This is obviously 
independent of whether the ambient group is H or G. If a G $(G, S), 
then, for u G U„(E) \ {1}, the set V ^a(F)uV ^a(F) n A^g(S)(F) has 
only one element, say tig,s(^^) (which actually lies in U _aiE)u\J _a{E) fl 
Ng(S){E)). This element uniquely determines an affine function ^Pg,s{u) 
on ^(S) such that 0g,s(w) = a and ^Pcsiu) vanishes on the hyperplane 
fixed by na^siu). (Note that, since the action of Ng{S){E) on ^(S) de- 
pends on our choice of valuation ord, so does this hyperplane.) Then we 
put U^ = {l}u{ue Va{E) \ {1} I ipG,s{u) > (p}. We define Uf_(_and 
the associated notation) similarly. Since nii,siu) G U_a(F)MU_a(F) fl 
iVG(S)(F), in fact nn,siu) = nG,siu), so V5h,s(m) = V5g,s(m) for u G 
\Ja{E) \ {1}. Thus, = U^, and we may use the notation without 
ambiguity. 

Now choose an element xh G i3(H, E). Then there is some h G H{E) 
such that yu ■= h'^xn e h^(S). Put ?/g := «e,s(z/h) and xg = hyG- 

We claim that xg is independent of the choice of h E H(£') as above. 
Indeed, if also h' G H(£') satisfies := h'^^xu e h-4(S), then h^'^h' 
carries to Vn- By Lemma [33l there are n G A^h(S)(-E') and ho G 
ii{E)y'^fi such that h^^h' = nh^. In particular, ny'-^ = yu; so also ny'G = 
yG, where = iE^siVH)- 
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NowH(i?)j^^ is generated by those f/,^ = f/^ for which 99 G \[^(H, S) C 

^ (G, S) and ip{y'ii) > 0. Since y'^ e h-4(S) and y'^ e gA{S) correspond 
to the same point of the underlying affine space .4(8"), every such (p also 
satisfies vp(y^) > 0, so C G(E),^,o ■ That is, H(E),^,o ^ G(E),^,o ■ 
In particular, {h-^h')y'Q = ny'^ = ya, i.e., h'y'^ = hyc = xg- 

Thus we may unambiguously put iEixn) = xc,. If K/E is a further 
discretely valued separable extension and a maximal fC-split torus con- 
taining S, then yu e ^(S) C ^(S*) and iK,siiyn) = ^£;,s(i/h) = Vg, so 
the same process puts ixixu) = hyo, = lEixu)- 

By Remark [341 for r G M>o, 

the latter product taken over those (p G \E'(G, S) \ ^(H, S) such that 
V^d/n) = r. In particular, clearly H{E)y^^^r ^ G{E)yG,r H ii{E). On 
the other hand, if g := hY[u^ G G{E)y^^r belongs to ii{E), then so does 
g^^h; and the image (under the multiplication map mn of Lemma lA. 141) 
of (g^^h, (u^)) is 1. Since the map in question is injective, we have that 
g = he H(E)yj, r ■ Thus B.{E)y^^ ^ = G{E)y^ ^ n H(E), so 
(*) 

H(-E)^jj^r = B.{E)y^^^r = G{E)y^^r n H(E) = G{E)ij^(^^^)^r n H(E). 

By construction, z^; is H(£')-equivariant, hence independent of the choice 
of S. It is easy to see that it is also Aut(£'/F)-equivariant. Note that i^; is 
an isometry when restricted to H'4.(S). By Proposition 2.3.1 of [12], any 
pair of points of i3(H, E) may be (simultaneously) conjugated into H'4(S) 
by a point of H(_E'). Thus, the H(_E')-equivariance of z^; implies that it is an 
isometry on all of i3(H, E). 

Now drop the assumption that E contains L, and assume only that E/F is 
some discretely valued separable extension. Pick a discretely valued tame 
extension K/EL such that K/F is Galois. Then we have a GsX^K/F)- 
equivariant isometry ix '■ B{Yl,K) — > B{G,K), which restricts to an 
Aut(E/F)-equivariant isometry i3(H,E) = Bili^K)^''^^^''^^ — > B{G, K)^""^^^/^^ = 
B{G,E), independent of the choice of K. We define to be this lat- 
ter map. By (*) and Lemma [3771 for {x,r) G B{ii, E) x ]R>o, we have 
H(E),,, = G(E),^(,.),,nH(E). 

Now suppose that S' is a maximal -E^'^-split i?-torus in H. By Lemma 
14.51 S' is a maximal i^^'-split torus in H, hence, by Lemma |A. 121 in G. 
Denote hy K/E the splitting field of S'. Then i^; is a restriction of i^, 
and the restriction of ik to ^(S')^''^^'^'''^^ = A{S')'^^^^^''/^^ agrees with the 
restriction of the affine injection (indeed, isomorphism) i^.s' • 
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We have constructed one compatible system (i^) of filtration-preserving 
embeddings over F. Suppose that {i'^) is another such system. Fix a dis- 
cretely valued separable extension E/F. As above, we may find a discretely 
valued tame Galois extension K/E and a i^-split .E-torus S' such that S' 
is an .E^'^-split torus maximal in H and G. We may, and hence do, suppose 
that K is strictly Henselian. By Definition 14 .31 131). ixix + A) = ixix) + A 
and + A) = + A for x G h^(S') and A G Xf (S') ®z K; and, 

since the unique i?*''-split £^-torus in G containing S' is S' itself, the image 
under each of and i'j^ of h^(S') is g^(S'). Since h^(S') and g^(S') 
are affine spaces under Xf (S') ®z ^, there is some A^ G Xf (S') (g)z M 
such that {^{x + Xe) = ixi^) for all x G h^(S')- Fix, arbitrarily, a 
point o G H^(S'). Since K is strictly Henselian and ii(K)o+Xj^,r = 
G{K),^^o+x,),r n Ii{K) = G(ir),^(„),, n H(/0 = li{K)o,r for r G R>o, 
Remark \3A\ shows that ip{o) = ip{o + Xe) for all affine i^-roots Lp. That 
is, Xe G Xf (Z(H)) (g)z M. Since and are Aut(ir/F)-equivariant, 
Xe G (Xf(Z(H)) ®z = Xf(Z(H)) ®z M. Since 2^ and 

i'j^ are H(i^')-equivariant, 27^(0; + A_b) = i'xix) for x G ;B(H,/^), so 
+ A^;) = for X G ;B(H,E). For x G B{H,F), we have that 

Xe = iF{x) — i'Fix) = z_e(x) — i'Ei^) = Xe- Thus, Xe does not depend on 
E. □ 

Corollary 4.8. Le? D be a subvariety, defined over F, of an F^^ -split mod- 
ulo center torus in G, and put H = Cg (D). Then H and H° are compatibly 
filtered F -subgroups ofG. 

Proof. By Corollary 9.2 of |I3, H (hence also H°) is defined over F. Clearly, 
H° and G have the same absolute rank. By Lemma IaTI they also have the 
same F^'^-split rank. Thus H° satisfies the conditions of Proposition l4.6l so 
that H° is a compatibly filtered F-subgroup of G. Now it suffices to show 
that, for a discretely valued separable extension E/F, a point x G B{ii, E), 
and r G M>o, we have that G{E)^^r n H(E) C W{E). By LemmaO en- 
larging E only makes this statement stronger, so we will do so as necessary. 

First, we may, and hence do, assume that H is i?-split. If x G i3(H, E), 
then let T be an £'-split maximal torus in H such that x G ^(T). Then T 
contains Z(H°), hence, in particular, contains D. By P3] §11.4. 1(a)], the 
component group of H has a set of representatives in A^h(T)(-E'). Suppose 
that h G N^{T){E) is such that G{E)^., n /iH°(F) ^ 0. Let Bh be 
a Borel E'-subgroup of H° containing T. Then ^Bh contains = T, 
so there is some n G N-ro[T){E) such that ^Br = "Br. We have that 
n~^h G A^h(T) and (n^^/i)H° = /iH°; so, upon replacing h by n^^h, we 
may, and hence do, assume that '^Bh = Bh- 

Now let B be a Borel i^-subgroup of G containing Bh, say with opposite 
Borel B' (with respect to T). By Remark [341 G(E)^,^ C B(E)B'(E). 
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Thus B{E)B'{E) n hU°{E) ^ 0; hence, a fortiori, BB' n hU° ^ 0. 
Since BB' fl hii° is a non-empty Zariski open subset of hii°, it intersects 
any other such subset; in particular, BB' fl /iBhB^ 7^ 0, where B^ is 
the opposite Borel to Bh (with respect to T). Since h normalizes Bh, 
it follows that B/iB' = BB'. Now let uq be a representative in A^'g(T) 
of the long element of the Weyl group of G. Then B' = n^'SnQ^, so 
B/inoB = BrioB. By the Bruhat decomposition, this means that hno and 
no project to the same element of the Weyl group of G; i.e., h G T{E). 
In particular, h E H°(_E'). That is, the only connected component of H 
intersecting G{E)x^r is the identity component, as desired. □ 

Remark 4.9. There are other situations where a subgroup H of a group G is 
compatibly filtered. (For example, consider the case where char f 7^ 2, and 
H is a classical group embedded in a general linear group G in the usual 
way.) However, we will not need this fact. 

Lemma 4.10. Suppose that M is an E^'^-Levi F -subgroup of G, and H 
is a compatibly filtered E -subgroup ofG containing the maximal E^^ -split 
torus in the center ofM. Then B{M, E) n i3(H, E) = B{M n H, E) for 
any discretely valued separable extension E/E. 

Proof. Let S be the maximal F^'^-split torus in the center of M, so that 
M = Cg(S). We may, and hence do, replace E by the splitting field of S. 
Fix a discretely valued separable extension E/E. 

Now M is an F-Levi subgroup of G, and M fl H = Ch(S) is an F-Levi 
subgroup of H. Since Sh is a sufficiently large subgroup of both and 
S(i?)b , in the sense of [|32l §1.3], Proposition 1.3 of loc. cit. gives that 

B(M, E)n8{H, E) = 8{G, E)^^nB(H, E) = B(H, Ef^ = i3(MnH, E), 

as desired. □ 

Because we will need it for the next result, we reproduce here the defi- 
nitions (Definition 2.15) of absolute semisimplicity and topological unipo- 
tence from [|43l (where they are called absolute F- semisimplicity and topo- 
logical F-unipotence). The notations F' and J-'{E) introduced in the defi- 
nition are used only to define absolute semisimplicity. The group J-'{E) is 
discussed in much more detail in §2.3 of loc. cit. 

Definition 4.11. Let F' be a complete subfield of F such that E/E' is un- 
ramified. If char f = 0, then choose a Gal(F'™/F')- stable subfield of F'^" 
which is mapped by the natural projection isomorphically to f, and write 
JF(F) for the multiplicative group of this subfield. If char f = p > 0, then 
put T{E) = Ul/f' finite unramified 0^=0 " I" either casc, au element 

7 G G is absolutely semisimple if and only if it is semisimple, and its char- 
acter values (in the sense of Definition IA.4I ) lie in T{E). 
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Proposition 4.12. Suppose g G G is absolutely semisimple (in the sense of 
Definition H.l Then 

B{CGig),F) = BiG,Fy. 

This result also appears as Proposition 2.33 in p3l, with a somewhat 
different proof. Note that, when F is an algebraic extension of a locally 
compact field, g has finite order coprime to char f, so the result is just The- 
orem 1.9 of [13211. 



Proof. By Proposition 5 . 1 . 1 of ||35l , it suffices to prove this result over some 
tame extension of F. By Corollary 2.37 of [43], g is tame. Thus we may, 
and hence do, assume that g belongs to some F- split torus. Let JF be the 
(cyclic) group generated by g, and S its Zariski closure in G. 

We prove the result first in case no character value of g (in the sense of 
Definition IA.4I) projects to a non-trivial root of unity in f. By Lemma [AT9l 
in this case, S is a torus. By Proposition 1.3 of [32], the result will follow 
in this case once we know that ^ is a sufficiently large subgroup of S\, (in 
the sense of §1.3 of loc. cit.). 

Trivially, Cg{J-') = Cg(S). Now suppose that T is a maximal F-split 
torus containing S, and x a point of ^(T). Denote by T^. the f-split torus 
in G° corresponding to T (so that T^(f) is the image in G°(f) of Tb), and 
by g the image of g in G°.. Put Y = { x G X*(T) | xid) = l} and Y = 
{ X G X*(Tj.) I x(g) = l}, and let be the Zariski closure of the group 
generated by g. By Proposition 8.2(c) of f7], S = f]^^ykeTX and = 
f]^gY ker X- Since T is F-split, there is an identification i of the cocharacter 
lattices of T and such that the square 

XJT) X F,x Tk 





i X proj 



proj 



X.(T,.) X fx ^ T,,(f) 

commutes. By duality, we deduce an identification i* : X*(T) = X*(T^.) 
which commutes with evaluation, in the natural sense. In particular, no 
character value of g is a non-trivial root of unity. Since J-'{F) fl Fg^ = {1} 
(in the notation of Definition 14.1 II) , we have that i*(Y) = Y. By another 
application of Lemma |A.9[ S^. is a torus (necessarily f-split), hence is gen- 
erated by the images of those cocharacters A G X*(T^) such that A o ^ = 1 
for X G Y. Such a cocharacter may be lifted (via i) to a cocharacter (again 
called A) of T such that A o x = 1 for x G Y; i.e., to a cocharacter of S. 
Thus Sx{f) is the image of . In particular, the "centralizer modulo p" of 
S'b is Cqo(Sx) = CGj(g), which is equal to the "centralizer modulo p" of 
JF. This is precisely the definition of a sufficiently large subgroup. 
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Now it remains to handle the general case. Pick any pair (T, x) as above, 
and preserve the above notation. By Lemma lATSl there exists an integer 
n, not divisible by char f, such that g" has no non-trivial roots of unity 
as character values. Since the character values of g" are the projections 
to f ^ of those of g"-, we have that any root of unity arising as a character 
value of must belong to J-'{F) fl Fq^ = {1}. Thus, by what we have 
already shown, S(Cg(c/"),F) = B{G,Fy'\ By Theorem 1.9 of [32], 
B{CG{g), F) = -B(Cg(^"), Fy. We are finished. □ 

5. Groups associated to concave functions 
5.1. Basic definitions. 

Definition 5.1. Call a sequence G = (G° C ■ ■ ■ C C^) of connected 
reductive F-groups a tame reductive F-sequence if all G' have the same 
absolute and F^'^-ranks. We write Lie(G) = (Lie(G°), . . . , Lie(G^)). A 
splitting field for G is any field over which all G* for < i < c? are split. 

Remark 5.2. By Proposition l4.6[ if G = (G° C . . . C G"') is a tame reduc- 
tive F-sequence, then, for all < i < j < d, G* is a compatibly filtered 
F-subgroup of G^ . We will always choose our embeddings of buildings in 
such a way that, for all discretely valued extensions F/F and all < i < 
J <k<d, the composition B{G\ E) — > B{G^ , E) — > -B(G^ F) is the 
same as the embedding B{G\ E) — > i3(G^ F). 

Definition 5.3. Call a sequence G = (G° C ■ ■ ■ C G*^) of connected 
reductive F-groups a tame Levi F-sequence if there is a tame extension 
L/ F such that each G* is an L-Levi subgroup of G''. 

Remark 5.4. Note that Definition [53] is usually more general than the anal- 
ogous definition in [48J. If G'^ is tame, then these definitions coincide. 

It is clear from the definitions that every tame Levi F-sequence is a tame 
reductive F-sequence. Moreover, any subsequence of a tame reductive (re- 
spectively, tame Levi) F-sequence is also a tame reductive (respectively, 
tame Levi) F-sequence. 

Definition 5.5. Suppose that T is a maximal torus in G and x E ^(T). 
Say that F is sufficiently large (for T and x) if T is F-split, F is strictly 
Henselian, and, whenever^ G \I/(G, T) satisfies ip(x) E Q ■ ord(F^) and 
fU^ 7^ fU^+ , then actually 'ijj{x) E ord(F^). 

Remark 5.6. Suppose that F is sufficiently large and F/F is a discretely 
valued algebraic extension. If ip is an affine F-root satisfying ip(x) E 
Q • ord(F^) = Q ■ ord(F^) and eU^p 7^ eU^+ , choose an affine F-root tpo 
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satisfying iJjq = ip and pU^o fU^o+ ■ ^^^Y calculation, using the defi- 
nition of the affine root groups pU^ and pt/^o (as in ||46l §1.4], or the proof 
of Proposition |4.6l) . shows that the value of the constant function ip — ipo lies 
inord(£'^) C Q-ord(F^), so ■?/'o(x) G Q-ord(F^). SinceFis sufficiently 
large, -ipoix) E ord(F^), so ip{x) G ord(-E^). That is, E is also sufficiently 
large. 

If 4'{x) G ord(F^), then, since i>o{x) G ord(F^), the value of the con- 
stant function ^jj — ipQ lies in ord(F^). Since pU^a 7^ fU^o+ , another 
computation as above shows that pU^ 7^ fU^+ ■ 

The following definition appears in [fT2l §6.4.3]. 

Definition 5.7. For any root system $, a function / : $ U {0} — > M is 
called concave if, for any finite non-empty sequence {ai)i in $ U {0} with 
a* G U {0}, we have 

i i 

Note that, if / is concave, then /(O) > 0. 

Definition 5.8. A sequence r = (ro, . . . , r^) of elements of M>o is admissi- 
ble if 2rj > Ti for all < i < j < (i. (Note that this is more general than 
the definition given in ||48l .) If r is admissible and G = (G°, . . . , C^) is 
a tame reductive F-sequence, then denote by /g ^ the function on $(G, T) 
which is equal to on $(G*, T) \ $(G*"\ T) for < z < d, and to ro on 
$(G°, T). (Here, T is any maximal F-torus in G°. We will see in Lemma 
15. 201 that the choice of T is immaterial.) 

The next result is the analogue of Lemma 1 .2 of [|48l . 

Lemma 5.9. Iffis admissible and G is a tame reductive F -sequence, then 
the function /g ^ is concave. 

Proof. Write r = (ro, ■ ■ ■ ,rd) and G = (G°, . . . , G"^). Let T be a maximal 
torus in G°. By Lemma 1.1 of [|48l . it will be enough to show that /g ^^(a + 

(3) < JgM) + /G,r(/^) whenever a, /3, a + /? G $(G, T). Fix a and (3 
as above, and let < i < (i and < j < c? be the smallest indices such 
that a G $(G*,T) and (3 G $(G^T). If i ^ j, then, assuming, as we 
may without loss of generality, that i < j, we have f(^f{a + (3) = rj < 
ri + Tj = /g ^(a) + ^{(3). Hi = j, then let < A; < d be the smallest 
index such that a + /? G <I>(G^, T). Since k <i. Definition [5^ implies that 
foM + /^) = < = /a,.^(«) + foM- □ 
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Definition 5.10. Suppose that / : $(G,T) — > R is any function and 
X E A{T) (where T is a maximal torus in G). Say that x' E A{T) is an 
(x, f)-positive point (respectively, strictly (x, f)-positive point) if ijj{x') > 
(respectively, 'ip{x') > 0) whenever ip is an affine root and = f{ip)- 
If y E A{T) and h : <I>(G,T) — > M>o is a concave function, say that 
{y, h) is an (x, f)-positive pair if + il){x) = f{ip) + il){y) for every 
affine root if). 

Notice that, if fi < /2, then an (x, /i)-positive point is also an (x, /2)- 
positive point. 

For the rest of this subsection, fix a function / : $(G, T) — > M and a 
point X E A{T) (where T is a maximal F-torus in G). 

Lemma 5.11. If{y, h) is an (x, f)-positive pair, then y is an (x, f)-positive 
point. 

Proof. Suppose that if) is an affine root with ?/'(x) = f{il^). If /(^) = oo, 
then ip^x) = oo, so ^ is the constant function oo. In particular, il>{y) = oo. 
Otherwise, let r G M be such that ^(x) = f(-ip) E {r, r+}. Then {h(^) + 
r)+ = (r + i'{y))+. Let s E M>o U {oo} be such that h{ip) E {s, s+}. 
Then (s + r)+ = (r + 'ijj{y))+, so s + r < r + i>{y), so s < i>{y). Since 
s > 0, we are done. □ 

Lemma 5.12. PutV(^j. f) := stabGai(Fs<=p/F)(a;, /)• If f is concave, then 
there exists a V(^xjyfixed {x, f) -positive pair {y,h). If f takes values in 
M U {oo} and /(O) > 0, then y may be taken to be strictly (x, f)-positive. 
IfV^^j) = Gal(F-P/F), then y E B{T, F). 

Recall that T is a compatibly filtered subgroup of G, and that we may 
thus identify -B(T, F) with a particular subset of i3(G, F). The final asser- 
tion of the lemma is that y belongs to this particular subset. 

Proof By Proposition 6.4.6 of [[HI, there is a linear form A on X*(T) ®i M 
such that (/ + A) (a) > (or (/ + A) (a) > 0, if / takes values in M U {oo} 
and /(O) > 0) for all a E <I>(G,T). Certainly, (/ + A)(0) = /(O) > 
(respectively, (/ + A) (0) = /(O) > 0) as well. Put /i = / + A. We may also 
regard A as an element of X*(T) ®i M. Then put y = x + \. Clearly, (y, h) 
is an (x, /)-positive pair; and y is strictly (x, /)-positive if / takes values in 
MU {oo} and /(O) > 0. 

Since x and / are r(a; j)-fixed, we have that 

= (W)(^)+V'(ax) = (/oa)(^)+^(ay) = 

for all affine roots i}) and all a E '^^(xj)- Thus, if we let y be the center of 
mass of the r(2,j)-orbit of y, and h be the average of the compositions ho a 
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as a ranges over T^^f^x), then we have that h{ip) +il){x) = f{ip) +i'{y) for all 
affine roots 'ip. Since h evidently takes values in ]R>o, we have that (y, h) is 
a r(a; j)-invariant (x, /)-positive pair. Further, if y is strictly (x, /)-positive, 
then so is ?/. 

Suppose that r(^.j) = Gal(F''^P/F). Let L/F be a discretely valued 
tame extension such that the maximal F*''-split subtorus S" of T is L- 
split. By Proposition I4.6[ T is a compatibly filtered L-subgroup of G (in 
fact, it is an L-Levi subgroup); that is, there is a system of embeddings 
{lE : i3(T, E) — > i3(G, E))e/f as in Definition |431 Let E be the splitting 
field of T over L. Then the map is : i3(T, E) — > B{G, E) is Qa\{E / L)- 
equivariant and restricts to the map il ■ B{T, L) — > B{G, L) C i3(G, E). 
In particular, the image in B{G,E) of i3(T,L) is contained in that of 
fi(T,E)G^i(^/^) = ^(T)G^i(^/^). Of course, B{T,L) = ^(S«) is an 
affine space under X,(S«) ®z M. By DMl §1.10], so is ^(T)^^^(^/^). Thus 
^(rp)Gai(£/L) ^ B{T,L). Since y is r(^j)-fixed, hence Gal(F/L)-fixed, 
we have that y G ^(S«) = i3(T, L). Since ?/ is, further, Gal(L/F)-fixed, 
we have that y G B{T, L)^^'^^/^) = i3(T, F). □ 

5.2. Groups associated to concave functions. Fix, for the remainder of 
this section, 

• a tame reductive F-sequence (T, G°, ■ ■ ■ , G'^ = G) with T a torus, 

• a point X lying in the image of S(T, F) in i3(G, F), 

• a Gal(F*'*'P/F)-invariant concave function / : $(G, T) — > R, and 

• a Gal(F***^P/F)-invariant (x, /) -positive pair (y, /;,) with y G -B(T, F) 

By Lemma [5. 121 a pair (y, /i) as above exists. Put G = (G°, . . . , G''). 
Definition 5.13. Suppose that F is sufficiently large for T and y. Put 

tGxJ := {U^ : G $(G, T) and ^(x) > /(t^)). 
If / = /g r f°^ admissible sequence r = (ro, . . . , r^), put 

Note that the definition still makes sense if we only assume that T is 
F-split (rather than that F is sufficiently large), but then it might not agree 
with Definition [5 . 1 4| below when /(O) = 0. Note further that, as in [48, §1], 
Gx,r is just an open subgroup of G, not a sequence of such subgroups. 

Fix, for the remainder of this section, a discretely valued Galois extension 
E/F such that E is sufficiently large for T and y. 

Definition 5.14. Put tGxj ■= TG{E)xjr\Go . For an admissible sequence 
r, put Gx,j^ ■= G{E)x,r n Go • We will sometimes write . . . , G'^)x,f 
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instead of . If H is a compatibly filtered F-subgroup of G containing 
T, then we will use tH^j as shorthand for THx,g , where g = /jj^jj rj.y 

Note that tGxj = rGy^h ■ 

We will show (see Lemma [5.28l ) that tG^j does not depend on the choice 
of sufficiently large extension E; and (see Lemma [5 .201 ) that, if r is admis- 
sible, then Gx,r is independent of the choice of T (see Lemma [5 .201) . For 
example, under Hypothesis ([A]), if r = (r, r, . . . , r), then Gx,r = Gx,r (see 
Remark [llB- 

— * — * 

Remark 5.15. We have defined Gx,^ when G is indexed by a finite set. For 
later purposes, it will be convenient to handle the case where G = (G*) jgj 
and r = (rj) are indexed by any totally ordered set / (such as an interval). 
Suppose that / 7^ 0. Since G* 1— $(G', T) is an injection from the set 
of groups in G to the set of subsets of $(G,T), there are actually only 
finitely many distinct groups appearing in G. Denote these finitely many 
groups by H = (H° C ■ ■ ■ C H'^), and put s = (sq, . . . , Sd), where Sj = 
inf { Tj I G* = H-' } for < j < d. (Here, the infimum is taken in R, not 
M. Thus, for example, the infima of the intervals (0, 1) and (0+, 1) are both 
0+, not 0.) Then we define Gx,r '■= Hx^s- If / = 0, put Gx,r '■= {I}- 

Lemma 5.16. If x' E BiT,F) is an {x, f) -positive point, then, for any 
subextension L/ F ofE/F, we have tG{L)xj = tG{E)xj H G{L)x\o. 

Proof. Fix x' and L/F as in the statement of the lemma. Then clearly 
tG{E)xj fixes x', and x' G B{T,L). By LemmalHH we have tG(L)^j = 
tG{E)xj n G(L)o C rj,G{E)xj n G{L)x'fl . The reverse containment be- 
ing obvious, we have equality. □ 

Lemma 5.17. Let fj : $(G, T) — > Rbe a Gal{E / F) -invariant, concave 
function for j = 1,2. Let fi V /2 be as in Definition \B.l\ Suppose that 

• (/i V/2)(0) ^ -ooanJ 

• there is some point x' G i3(T, F) which is both (x, /i)- and (x, f'l)- 
positive. 

(For example, this occurs when fi and f2 are both non-negative, or fi < 
f2.) Then [tG^,/i, T^ajjj] is contained in TGxj^yf2 ■ 

Proof Since (/i V /2)(0) 7^ -00, Proposition 6.4.44 of shows that 
/i V /2 is concave and 

[t:G{E)xj^,t:G{E)xJ2] ^ TG(F)a;j^v/2 • 

(The cited proposition depends on condition (Pr) of [[T2ll . which, by Propo- 
sition 6.4.39 of loc. cit., is equivalent to the existence of a "prolongation of 
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root datum", in the sense of §6.4.38 of loc. cit. By Lemma 6.1 of [|49ll . such 
a prolongation exists.) If further there exists a point x' as in the statement 
of the lemma, then, by Lemma [5.16[ 

Corollary 5.18. Suppose that s^^^ = {sq \ . . . , s^^l^) are admissible se- 
quences for j = 1, 2. Putt^^^ = min ^Sq \ . . . , s^^^^ for j = 1, 2, 

To = min { s^^"* + s^^'* | < < c?}, 

and 

r, = min { ^ + ^d) + ^f)^ ^(i) ^ ^(2) | ^ ^ ^ < ^| 
for alio < i < d. Then [G^^^i), ^^^^2)] C Gx,r- 

Proof. Note that r is admissible. Put fj = for j = 1,2, and / = /q 

(See Definition l5.13[ ) For notational convenience, put $° = $(G°, T), and 
= $(G\ T) \ $(G^-\ T) for < i < d. Note that G Fix < 
i < d and a G $*. Write, in any fashion whatsoever, a = J2 '^m + J2 ^n, 
where {am)m and (6ri)„ are finite non-empty sequences in $(G, T). 

First suppose that i = 0. Let k be the greatest index for which some 
or bn is in <l>^. If there are a^, &n ^ (in particular, if A; = 0), then 

m n 

Otherwise, A; > and there are distinct indices m ^ m' , ox n ^ n', such 
that am, dm' £ ^'^j or h^' G <I>'^. In the former case, let < j < A; be 
such that some 6„ is in Then 

E + E > 24'^ + 4'^ > + 4'^ > /(a). 

m n 

The latter case is handled similarly. Thus (/i V /2)(tt) > /(ct)- (Here, V is 
as in Definition IbTTJ) 

Now suppose that i > 0. Note that some am or 6„ must lie in for some 
/c > i. If some am G then 

E/iK) + > > /(«)■ 

If some hn G then similarly 
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If, for some k > i, there are am, am' G $^ with m ^ m', then 

m n 

If, for some k > i, there are 6„, &„/ G with n 7^ n', then similarly 
If there are am,bn G for some k > i, then 

+ E/2(&n) > 4'^ + 4'^ > /(«)• 

m n 

Thus (/iV/2)(«) >/(«). 

Since a G $(G, T) was arbitrary, the result follows from Lemma [5.171 

□ 

— * 

Recall that the construction of Gx,r depended on a torus T, which we 
suppressed from the notation. We will temporarily indicate the dependence 
on T by writing TGx,r- 

Lemma 5.19. For any admissible sequence r and g & G^ H stabG(a;), 

^{TGx,r) = 3TGx,r- 

Proof. The action of g induces bijections from ^(T) to ^(^T) and ^(G, T) 
to ^(G, ^'T) such that, iiy^y' and iIj t-> ifj' , then ^JJ^ = U^' and ipiy) = 
ip'iy'). Since ip and ip' depend only on the images of their arguments in 
B^^'^{G, F), and since x and gx have the same image there, we have in 
particular that ip(x) = ip'{x). Similarly, the action of g induces a bijection 
from $(G, T) to $(G, f T) such that $(G°, T) is carried to $(G°, ^T), and 
$(G\ T) \$(G^-\ T) is carried to $(G\ ^?T) \$(G*-\ ^T) for each < 
I < d. Thus f(TG(E),,,-.) = ,TG{E)x,r. Since tG,,,- = tG(E),,,- n Go , 
and similarly for stG^ and since conjugation by g preserves Go , we have 
the desired equality. □ 

Lemma 5.20. Suppose that r is admissible, and Tj is an E-split F-torus 
such that (Tj, G°) is a tame reductive sequence and x G B{Tj,F) for 

j = 1,2. Then Tfix,r = TiGx^r- 

Proof By Proposition 4.6.28(iii) of jni, there is 51 G G'^{E)xfi such that 
3Ti = T2. By Lemma [511 f(TiG(E)^,^-) = T2G{E)x,r. By Definition 
[SH G^{E)x,o = TiG(^).,(o,oo,...,oo), so, by Corollary [HI G^{E)x,o nor- 
malizes T._^G{E)xy. Thus in fact T._^G{E)x,r = T2^i^)x,r ■ As in the proof 
of Lemma 15. 19[ we conclude that TiG^.r = T2Gx,r- D 
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Corollary 5.21. fl stabcix) normalizes Gx,r for any admissible se- 
quence r. 

Proof. This follows from Lemmata 15 .191 and 15 .201 □ 

For the remainder of this section, suppose that L/F is a Galois subexten- 
sion ofE/F such that 

• G is L-quasisplit, 

• T contains a maximal L-split torus S" (necessarily defined over F), 
and 

• L$(G) is reduced. 

Note that^by Proposition 15.5.3(iii) of [44], $(G, S") is the set of Gal(E/L)- 
orbits in $(G, T), so that / may also be regarded as a function on $(G, S^). 
For (a, c) G X^(S^) x M with c < oo, write a + c as a shorthand for the 
unique affine function ip on ^(S^) with ip = a and 'p{x) = c. If c = oo, 
then write a + c for the constant function with value oo on ^(S"). 

Lemma 5.22. Suppose that f{0) > 0. Then the multiplication map 

m/ : Y[ Ua+fia) — > tG(L),j 
ae5(G,Stt) 

(the product taken in any order) is a continuous bijection. 
Proof By Proposition 6.4.48 of HH and Lemma[3^ 

Qe${G,T) 

is a bijection. (Here, we have ordered the product so that the factors cor- 
responding to roots with the same restriction to are contiguous.) Since 
is a restriction of m j it suffices to show that m j is surjective. Choose 
g G tG(L)^j C tG(E)^j, and denote by (wa)^g5(G,T) its preimage un- 
der mj E- Then uq G T(i?)j(o) ; and, for a G $(G, S^), Lemmata l3.1| and 
IA.14I give Ua := H^l ^^^a ^ ^a+/(a) • In particular, Ua G G(L)y,o for 

a G $(G, S"), so uo G G(L)y^o also. By Lemmata [X6l and [X8l 

no G T(F)^(o) n G(L),,o = T(E)^(o) H T(L)o = T(L);(o) = f/o+/(o) • 
Then (Ma)ag5(G s") domain of m, and clearly g = mf{{ua)). □ 

Remark 5.23. If /(O) > 0, then, by Lemma [5. 221 tG(L)^j is generated by 
the root subgroups with Lp an affine L-root satisfying (p{x) = f{^). In 
the notation of [12, §6.4.2], tG(L)^j = X ■ Uf±, where X = f/o+/(o) ^ 
T(L)b and /-^ is the restriction of / to $(G, T). Thus, if T is L-split, then 
the group tG(L)^j constructed here is the same as the one constructed in 
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Definition l5.13[ (We will prove later that, if L is sufficiently large for T and 
y, then this is true even if /(O) = 0. See Lemma [5.281 ) 

Corollary 5.24. If f{0) > 0, then there is a point x' G i3(T, F) such that, 
for any subextension KjF of LjF with LjK tame, we have t;Gi{K)x / = 

,0+ • 

Proof. By Lemma lB3l for b sufficiently small, fs is concave. Since L is 
discretely valued, we have that, for 5 smaller still, Ua+f{a) = Ua+fs{a) for 
a G $( G, S^ ), hence, by Remark [5231 that tG(L)^. / = tG(L)^j, . By 
Lemma [5.12[ there is a strictly (x, /5)-positive point x'. In particular, for any 
a e $(G, S«), we have that (a + /5(a)) (x') > 0, so f/a+/,(a) ^ G(L)^,,o+ ■ 
Therefore, by another application of Remark [5^23l t^G(L)^. C G(L)^' 0+ • 
It is an easy consequence of Definition |5 . 1 4| and Lemma [X9[ that t.G{K)xj = 
tG{L)xj n G(i^')o . Since L/K is tame, we have by Lemma [377] that 

= tG(L),.j n G(L),, 0+ n G{K) = tG(L),j n G(ir),.,o+ . □ 

Corollary 5.25. Suppose that 

• fj is a GaA{E / F) -invariant, concave function with fj{0) > for 
J = 1,2, 

• /2 > fl, 

• /i V /2 > f2, and 

• (/i V /2)(tt) > /2(a) whenever /2(a) < 00. 

(Here, the operator V is as in Definition \B.l\ ) Then the composition 

W Ua+f^(a) — ^ tG(L)^j^ > tG(L)^Jj./2 

ae5(G,Stt) 

induces a continuous bijection 

ae$(G,Stt) 

Proof. By Lemma [B31 for 5 and e sufficiently small, the function /, ,5 de- 
fined in that lemma is concave for j = 1, 2, and fi s V f2,5 > f2,s + ^ (with 
notation as in the statement of that lemma). Since L is discretely valued, we 
have that, for 5 smaller still, Ua+fj(a) = Ua+f.g{a) for a G $(G, S), hence, 
by Remark[5;23l that tG(L)^j^ = TG(L)a;j. , , for j = 1, 2. Let 5 and e 
be so small that all of the above conditions are satisfied. Then we may, and 
hence do, replace fj by fjs for j = 1, 2, so that /i V /2 > /2 + s- 

Define concave functions fj for j G Z>2 by fj = /2 + (j — 2)e. Then the 
groups tG(L)2^^ are a basis of neighborhoods of the identity in tG{L)xJ2- 
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By normality of tG{L)xJ2, the indicated composition is constant on 
cosets of Y[ Ua+f2(a)- Thus, there is a map mj^.j^ as indicated. It is clearly 
continuous and surjective. 

To show injectivity, suppose that Mi, M2 G H ^a+/i(a) satisfy m f^.j^ {ui) = 
i^/i :/2(^2)- By Lemma there is a complete subfield L' of L such that 

• G is defined over L' , 

• is split over L' , 

• xe S(G,L'),and 

Upon replacing L by L', we may, and hence do, assume that L is complete. 
Now suppose that j G Z>2 and Uj E U2Y[Ua+f2{a) satisfies mj^.j^, (ui) = 
Put 

Since A V /, > (A V A) + (j - 2)5 > A + (j - 1)£ = LemmaEIT] 
gives [tG(L)^Jj,tG(L)^jJ C tG(L)^j^^^ . In particular, 

= n*^"j>^«) = (mod tG(L)^.j^.^J. 

Put Mj+i := UjiZJ. Then (^?j)jGZ>2 is a Cauchy sequence, say with limit v. 
We have v e U2YI Ua+ /2(a) ; and m (w) = lim^-^oo m (uj) = m/^ so 

V = Ui. □ 

Corollary 5.26. WzY/z notation as in Corollary \5.25\ if t^G{L)j.j2 contains 
[tG(L)2;Jj, tG(L)2;jJ, then mj^.j^ /5a Ga\{L/ F)-equivariant isomorphism. 

Proof. Since 

m/i(??)m/,(u') = (n^'^)(n^^) 

= n^"""^) = (mod [tG(L)^j,,tG(L)^jJ) 

for u,u' e Y[ Ua+fi{a), we have that rrij^.j^ is a homomorphism. We have 
already shown that it is a bijection. 

Now note that tG(L)^ j^:/2 is stable under the Gal (L/F) -action on G(L). 
The Gal(L/F)-actionon the domain of m/j:/^ is deduced from the action on 
n Ua+Ma) defined by {au)a := au^-ia for m e [1 Ua+Ma), a e $(G, S"), 
and cr G Gal(L/F). Equivariance follows from the fact that 

= a{Y[ua) = amj^iu) (mod [tG(L)^j,, tG(L)^jJ). □ 
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Remark 5.27. Although we do not need to do so, one can use Corollary l5.26l 
to show that m is an open map, hence a homeomorphism. 

Lemma 5.28. The group tGxj is independent of the separable extension 
ofF chosen as a sufficiently large field for T and y. 

Proof. To obviate some confusion, we will temporarily use the notation 
^G(-)x,/ for the groups constructed in Definition 15.131 where the ground 
field was assumed to be sufficiently large. It is enough to show that, if F 
is sufficiently large, then ^^G^j = tG^j , i.e., that "^G^j = '^G{E)xj fl 
Go • Upon replacing x hy y and / by h, we may, and hence do, assume 
that / is non-negative and F is sufficiently large for T and x. Since the 
containment '^G{E)xj H Go ^ tGxJ is obvious, we consider only the 
reverse containment. By Lemma [5.16[ \G{E)xjf^GQ C Gx^ , so it suffices 
to show *T,G{E)xj n Gxfi C *r^Gxj ■ 

Put /+ = max{0+,/}. Clearly, / V /+ > / V / > /. On the other 
hand, fix a G $(G, T) and let {am)m and (&„)„ be any finite non-empty 
sequences in $(G, T) such that + Ylm K = ce. Let bng be any term 

of (6„)„. Then 

m n 

Thus, (/ V /+)(«) > 0+. Since a E $(G, T) was arbitrary, we have 
f V f+ > max{0+, /} = /+. By Lemma [STTTl t.G{E)xj+ is normal in 
tG{E)xj . Notice that '^G{E)xj:f^ is generated by the subgroups eU^;^+ , 
where ip is an affine E'-root satisfying eU^ ^ eU^+ and tp^x) = = /(^). 
Choose such a tp. Since tp^x) E ord(F^) and F is sufficiently large for T 
and X, Remark [5^ gives fU^ 7^ fU^+ ■ The map Fq = fU^ — ^ eU^ = 
Eq , deduced from the isomorphisms F — > and E — > U^{E) of 
§3.31 restricts to a map Fo+ = fU^+ — > eUjp+ = Eq^ . Since f^g/f is 
algebraic, and f is separably (hence algebraically, since it is perfect) closed, 
the induced map f = Fq^^ — > Eq.q^ = f^; is an isomorphism. There- 
fore, fU^;^+ — > eU^;^+ is also an isomorphism; in particular, eU^ C 
fU^ ■ eU^+ . 

Thus *t:G{E)xj C *^Gxj ■ ^G(F) xj+ 5 SO r^Gi^E^xj n Gxfi ^ tGxj ■ 
{^G{E)x,u n G,,o). By LemmalHH ^G(E),j^ n G,,o = tG,j+ which, 
by Remark [5. 23[ equals We are finished. □ 

Lemma 5.29. Suppose that 

• G' is a connected compatibly filtered reductive F -subgroup of G 
containing T; 

• / is some indexing set; and 
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• for each i E I, we have a GaA{E/F) -invariant, concave func- 
tion fi on $(G,T), constant on $(G',T), such that there exists 
a Gal{E / F) -invariant, concave function Qi for which 

- g^{o) > 0, 

- tG'(E)^.j^(o) normalizes T:G{E)^^g., 

- fi< Qi, and^ 

- f^ = g^off^G',T). 

Then 

Note that, if { | i G /} is any collection of Gal(i?/F)-invariant, con- 
cave functions on $(G, T) such that /i(0) > for i E I, then we may take 
G' = T and gi = fi in the above lemma. 

Proof. By the definition of tGxX-) ■> it suffices to show that 
In fact, one containment being obvious, it suffices to show that 

P|TG(E)a;,/, C TG(i?):r,max,6_r/, • 

Fix z G /. By Definition 15. 13[ tG{E)j.j. is generated by G'(-E')^j^(o) 
and 'TG{E)x,gi ■ Since G'(-E')^j^o) normalizes TG(i?)^.^g^ , we have that 
tG{E),j^ = G'(E),,^,(o) ■ TG(i),,,, . By Lemmalllll 

where the unlabelled products, here and for the remainder of this proof, run 
over a E $(G, T) \ $(G', T). (Here, the notation a + c is as in Lemma 
I5.22[ ) In particular, for each i E I, tG{E)xj- lies in the image of the mul- 
tiplication map niG' of Lemma P^.14[ and, by loc. cit., its preimage under 
that map is precisely G'(E)^j^(o) x H Ua+f,{a) ■ Thus Hie/ tG(E)^.j,^ lies 
in the image of mc', and its preimage under that map is precisely 

p]G'(E)^j^(0)xJJp|f/„+/^(„) = G'(E)^,(max,g,/,)(0)xJJ?7a+(max,g, /,)(«) ; 

so Hie/ tG{E)^j^ is contained in TG(E)^,max,gj /, , as desired. □ 

Lemma 5.30. Suppose that 

• E Z{G^) n stabG(x); 

• s = (so, . . . ,Sd) and t = {to, . . . , t^) are admissible sequences; 

• min Si > 0; 

0<i<d 
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• t > s; 

• for alio < i < d, either ti = oo or ti < min { Sj + mintj, Sk + tk\ i < k < d}; 

• /i G Gx^g ■ G^; and 

• [7, h] G G^^r- 

Put f = (ro, ri, . . . , Td), where tq = min {sk + tk \ < k < dj, and Vi = 
tifor < i < d. Then [7, h] G G^.r • 

Proof. By construction, r is admissible. We may assume that ro > t^, 
since otherwise there is nothing to prove. Let /g ^, /g and /g ^ be the 

concave functions associated to s, t, and r, respectively. (See Definition 
|5.14[ ) Then one checks, as in the proof of Corollarv l5.18l that ^ V /g > 

/g f and (/g V /g j-)(a) > /g ^-{«) whenever ^-{a) < 00; and similarly 

for/a,, v/a^,. 

Now write /i = h'ho, with /iq G G° and /i' G G^:,?. Then [7, h] = [7, h']. 
By Lemma [5.22l we may write 

h'=[ n ^-(11 ^")' 

q:g5(g,t)\5(go,t) Qe$(Go,T) 

with /iq G EUa+f^ ^(a) for « G $(G, T). (Here, the notation « + c is as in 
Lemma [5.22[ ) Then the commutator of 7 with h' is the same as the commu- 
tator of 7 with nQG${G T)\$(GO T) (For the remainder of this proof, all 
products should be understood as products over the same collection of roots 
as above.) In particular, this latter commutator lies in G{E)^^-. That is, 

n lnt{-f)ha = Ylha (mod G{E)^^^). By Corollary [5^ this means that 

Int(7)/ia = ha (mod sf/^+j^ _.(„) = £;f/„+/g ^ G(E)^,^) 
for a as above, hence (since G{E)x,s normalizes G^E)^ .^) that 

Int(7) (n ha) = n Int(7)/ia = llha (mod G(^).,.-); 

i.e., [7,/;.] = [7, n ^a] ^ G(i?)a;,^?. By Lemma [5.16[ we have G^. ^- C 

Ga;,o. Since [7, /i] G G^_^-, we have [7, /i] G G(E)a;,^ fi Ga;,o = Gx,r, as 
desired. □ 

5.3. Tame descent. We keep the notation of §5.21 In particular, L/F sat- 
isfies the hypotheses introduced before Lemma [5. 221 For the remainder of 
the section, suppose in addition that L/F is tame; that is, that Hypothesis 
(lAl) holds. Let N/F be the maximal unramified subextension of L/F. 

Remember that, by Lemma [321 F is an unramified extension of a com- 
plete subfield. If F' is such a subfield, then L/F' is tame, hence separable. 
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and the Galois closure L of L over F' is again a tame, discretely valued 
extension of F'. Thus we may, and hence do, assume that there is some 
complete subfield F' of F such that L/F' is Galois. However, we will not 
need this assumption until Lemma [5.37[ 

If char f = 0, then we assume in addition that L is strictly Henselian. 
Since the strict Henselization of a Galois extension is again Galois, this is 
compatible with the assumption above. Note that then is also strictly 
Henselian. Thus, by the proof of Proposition IV.2.8 of [[37l . L/N is cyclic. 
However, we will not need this assumption until Lemma [5.36[ 

Remark 5.31. Suppose that there is a connected, reductive, compatibly fil- 
tered F-subgroup H of G, containing T, such that / is identically oo off 
$(H,T). Denote by M the maximum value of / on <I>(H,T). Clearly, 
tG{E)xj ^ li{E)x,M , so Lemmata 13 . 7 1 and 1441 give 

tGxj = tG{E)xj n Go ^ HiE)x,M C] Hq ^ Hx,m ■ 

Now suppose that / is non-negative, and put m = min /. If H = G and 
m = 0, then, by Lemma [5TT61 tG^j C Gxfi = Hx,m . If m > 0, then let m 
be the concave function on $(G, T) which takes the value m on $(H, T), 
and is oo off it. By Lemma [5.221 TGi{L^°)x,m = ii{L^^)x,m , so Lemma 
13.71 gives 

tCjx,/ L -Y^x.m L T'^l-t^ )x::m — "-[^ )x,m — ^x,m ■ 

In particular, if / takes the value c G ]R>o everywhere on $(H, T), and 
c > or H = G, then tG^j = Hx,c ■ 

Lemma 5.32. Suppose that s' G "K^q and s is an admissible sequence. Then 

\G^x,s'iGx,s\ ^ Gx^s'+S- 

Proof. Put s*^^) = (s', oo, . . . , oo) and s^^^ = s. By Remark [5.3 11 we have 
G° = • Now the result follows from Corollary [5. 18[ □ 

Lemma 5.33. Suppose that Kj F is a discretely valued tame extension. If 
KjF is unramified or /(O) > 0, then -yG{K)xj fl G = tGxj • 

Proof. It is clear that the right-hand side is contained in the left, so we 
need only show the reverse containment. By Lemma 15.281 we may, and 
hence do, assume that K C E. Note that the composite extension KL/F 
remains tame, so we may, and hence do, assume further that K C L. If 
K/F is unramified, then let x' G B{G, F) be an (x, /)-positive point. (For 
example, we could take x' = y, where {y, h) is the pair introduced at the 
beginning of ^5.2[ ) By Lemmata 13 .7 1 and [5.16! (applied twice), we have that 

t:G{K)xj^G = TG{E)xjnG{K)x',onG = TG{E)xjnGx',o = tGxj , 
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as desired. 

If /(O) > 0, then, since L/K is tame, we have by Corollary 15.241 that 
there is a point x' E B{G, F) with tGxJ = tG{L)xj fl Gx',o+ and 
T^G{K)xj = T.G{L)xj n G{K)xi Since K/F is tame, we have by 
Lemma [377] that Gx'fl+ = G{K)j.i q^ Pi G. Combining these three equa- 
tions, we find that tGxj = tG{K)xj H G, as desired. □ 

Remark 5.34. If there is a tame extension over which G splits, then Lemma 
15.331 shows that the definition oi t^G^j here coincides with the one in [|48l 
§13] when/(0) > 0. 

Until the end of the proof of Lemma [536] only, put p = char f and call a 
Gal(L/F) -group G p-filtered if it possesses a filtration (^j)jez>o by closed 
normal Gal(L/F) -subgroups such that G = Go, G = \yavG/Gi, and 

• p > and Gi/Gi+i is an Abelian p-torsion group; or 

• p = and Gi/Gi+i is a Q- vector space on which Gal(L/F) acts 
linearly 

for all i G Z>o. Note that, if p > (but not necessarily if p = 0), then 
a Gal(L/F)-subgroup or Gal(L/F)-quotient of a p-filtered group is again 
p-filtered. 

Remark 5.35. If p > 0, then G ■= G{L)x'fi+ is clearly p-filtered (with 
Gi = G{L)^:^2'e , say, for e e M>o sufficiently small) for any x' E B{G, F); 
so, if /(O) > 0, then Corollary 15.24! shows that t:G{L)xj is p-filtered. In 
particular, in case G = T, we see that T(L)c , hence T(L)c:d , is p-filtered 
for any c,dE ]R>o with c < d. 

If p = 0, then T (indeed, any L-torus) is a tame L-torus, so, by Proposi- 
tion 5.5 of |]49]| , T(L)c ii is p-filtered for any c,dE M>o with c < d. Then, 
by Lemma[B3]and Corollary [IM tG(L)^j is p-filtered if (/ V f){a) > 
f{a) whenever f{a) < oo. 

Recall that N/F is the maximal unramified subextension of L/F. 

Lemma 5.36. Suppose that A is a Gal{L / F)- group, and B a closed Gal(L/F)- 
sub group. Suppose further that B and A/B are p-filtered. Then the natural 
map 

H\N/F,A^''^^^/^^/B^^^^^^^^) ^ H\L/F,A/B) 
is a bijection. 

Proof. Note that it suffices to prove that H^{L/N,C) = {0} when C is 
p-filtered. Indeed, once we have done so, we will have the exact sequences 

^GaKL/^) _^ ^Gal(L/^) _^ ^^/^^Gal(L/JV) _^ H\L/N,B) = 
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(by Proposition 1.5.5.38 of JUl), so that = ^Gai(L/jv)/^Gai(L/jv)^ 
and 

— > H\N/F, — > H\L/F,A/B) H\L/N,A/B) = 

(by §5. 8(a) of loc. cit.). 

By Proposition 2.8 of ESIl and Proposition 1.5.5.38 of 03, it suffices to 
prove that H^{L/N, C) = {0} when j9 > and C is an Abelian p-torsion 
group, or j9 = and C is a Q- vector space on which Gal{L/N) acts linearly. 

In the former case, note that every element of the cohomology group 
H^{L/N, C) has p-power order. On the other hand, by Proposition 1.2.4.9 
of [[39l|, every element has order dividing the cardinality of Gal(L/A^), 
which is indivisible by p. Thus, H^{L/N, C) = {0}. 

In the latter case, recall that our assumptions on L imply that L/N is 
cyclic, say with generator a. Since a has finite order, say e, it acts semisim- 
ply on C, so C = ker((T — 1) + im(cr — 1). Now Y^^Zq cr vanishes on 
im((T — 1), and acts on ker((T — 1) as multiplication by e, so ker((T — 1) = 
imE'=ior;thatis,/7i(L/iV,C) = iJi((a),C) = {0}. □ 

Lemma 5.37. With the notation and hypotheses of Corollary \5.26\ suppose 
further that /2(tt) < oo whenever a G $(G, T) and fi{a) < oo. Then the 
natural map 

H\N/F,TiN)f,^oy.Mo)) H\L/F,^GiL),j,.j,) 
is an isomorphism. 

Recall that N/F is the maximal unramified subextension of L/F. 

Proof ByRemark[535]andLemma[536li/i(iV/F,T(iV)^,(o);/,(o)) = H\L/ F,T{L) f.^oy.Mo))-^ 
so it suffices to show that the natural map T(L)/^(o):/2(o)) — ^ 

if^(L/F, tG(L)x. Ji:/2) is an isomorphism. By CoroUarv 15.261 (with nota- 
tion a + c as in Lemma [5^221) . the multiplication map 

T(L)/^(0):/2(0) X Yl U(^a+h{a)):{a+h{a)) ^ TG{L)^j^.,f^ 

ae<I>(G,Stt) 

is a Gal(L/F)-equivariant isomorphism, so the natural map 

if^(L/F,T(L)/^(0):/2(0)) X H^{L/F,Y\U(^a+h{a)y\a+f2{a))) 

^H\L/F,^G{L),j,..f,) 

is also an isomorphism. By §3.31 there is a Gal(L/F)-equivariant isomor- 
phism Y{ Ua+f^{a) — Ua+/i(a) wMch rcstricts to a Gal(L/F)-equivariant 
isomorphism Y\ Ua+ /a (a) — /2 (a) , hence induces a Gal(L/F) -equivariant 
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isomorphism nt^(a+/i(a)):{a+/2 (a)) = ®U^a+Ma)):(a+Ma))- Put 

C,iL) :=0u,+;^.(,)CLie(G)(L) 

for J = 1,2. 

We need only show that H\L/F, Ci{L)/C2{L)) = {0}. Put 

u:= Lie(Uj. 

ae*(G,S«) 
fi{a)<co 

Remember that F contains a complete subfield F' such that L/F' is Galois. 
By Lemma [J!2l we may, and hence do, assume in addition that 

• F/F' is unramified, 

• G, T, S*, and u are defined over F', and 

• X G B{G,F'). 

By another application of Lemma [X2l there is a finite subextension N' / F' 
of N/ F' such that N/N' is unramified. By a third application of Lemma 
Ell 

(*) H\L/ F,C,{L)/ = \\mH\L/ F,C,{L')/ C2{L')), 

where Cj{L') := Cj{L) fl Lie(G)(L') for j = 1, 2, and L' runs over the 
collection of finite extensions of A^' such that L' / F' is Galois and S" is L'- 
split. (Note that, in this setting, Gal(L/F) actually acts on L', hence on 
Ci{L') and C2{L'); so the cohomology above makes sense.) 

Fix L' asjibove. J'ut iV' := L' n and F' := L' n F. Then it is easy to 
check that A^' and F' satisfy the hypotheses on N' and F' above, that V / F' 
is tame, and that N' / F' is its maximal unramified subextension. By Lemma 
[5361 

(t) H\L/F,Ci{L')/C2{L')) 

= H\N/F, /:i(L')^'^'(^/^VA(i^')^''^^^'^^) 

= H\N/F,Ci{N')/C2{N')). 
By [|39l §L5.8(a)], we have an exact sequence 

1 H\N/N'F,Ci{N')/C2{N')) ^ H\N / F, Ci{N') / C2{N')) 

H\N'F/FXi{N')/C2{N')). 

Since Gal(Ar/iV'F) acts trivially on Ci{N')/ C2{N'), we have 

H\N/N'F,Ci{N')/C2{N')) = Eom{Geil{N / N' F) , Ci{N') / C2{N')) . 

Note that Gal(iV'F/F) ^ Gal(iVVF'), and that Cj{N') is a Gal(iV7F')- 
stable lattice in u(iV') = u(F') N' for j = 1, 2. By Lemma 2.9 of JH 
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(the proof of which uses only completeness of A^', not local compactness), 
we have 

it) H\N'F/F, C,{N')/C2m) = {0} . 

Thus 

(**) H\L/F,CiiL')/C2iL') = Rom{Ga\iN/N'F),CiiN')/C2iN')). 
By (*) and (**), since |Jl'(-^' ^ = have 

H\L/F,CiiL)/C2iL)) 
= \imRom{Gal{N/{L' nN)F),Ci{L' nN)/C2{L' nN)) ={0}. □ 
Corollary 5.38. With the notation and hypotheses of Lemma \5.37\ 

H\L/F,T:GiL),j,.j,) = {0}. 

Proof. By Lemma [5.37l and Proposition 1.5.5.38 of [|39j|, it suffices to show 
that H \L/F ,T{L)^^c;c+) = {0} for all c G M>o. Since Remark [535] and 
Lemma [sin show that H\N/F, T{N)^^,.,^+) = H\L/F, T(L)^,c;c+), the 
desired equality is Hypothesis (|Dl). □ 

The next result is the analogue of Proposition 13.4 of H8l . 



Proposition 5.39. Suppose that f{0) > and {fy f){a) > f{a) whenever 
f{a) < oo. Then H\L/F,rrG{L),j) = {0}. 

Proof. As in the proof of Lemma [5.37l it suffices to show that 

(t) H\L/F,r^G{L%j) = H\N/F,T.GiN%j) 

and 

it) H\N'/F\T,GiN%j) = {0} 

for any tower of complete subfields L' /N' / F' of L such that 

• L/F' and L' / F' are Galois, 

• N' = L' nN and F' = L' n F, 

• F/F', N/N', and L/L' are unramified, 

• G, T, and u are defined over F', whereu := 0ae<i.{G,stt) Lie(Ua), 

• is split over L', and fH<°° 

• xe bIg,F'). 

Equation (f) follows from Remark [5.35l and Lemma [5.36[ As in the proof 
of Corollary 15.251 we may, and hence do, assume that there is some e > 
such that f y f > f + e. Then equation (|) follows (as in the proof of 
Proposition 13.4 of [SI) from Proposition L5.5.38 of [[11, Lemma 2.8 of 
|[48l , and Corollary [5381 □ 

The next result is the analogue of Lemma 13.3 of [[481 . 
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Proposition 5.40. Suppose that, for j = 1, 2, fj is a GaA{E / F) -invariant, 
concave function on ^{G,T) such that fj if)) > 0, and {fj\J fj){a.) > fj{a) 
whenever fj (a) < oo. Then 

[tG{L)^j^ ■ TG(L)a;j2) nG = tG^j^ ■ tG^j^. 

If moreover min {/i, is concave and t:G(L)xj^ ■ t:G{L)xJ2 is a group, 
then 

Proof. As in the proof of Corollary 15.251 we may, and hence do, assume 
that there is some e E ]R>o such that fj V fj > fj+s for j = 1,2. Then 

max {/i, /s} V max {/i, /a} > max {/i + e, /a + e} = max {/i, /s} + e. 
Consider the groups A = tG(L)j^^ jnax{/i,/2} 

and B = tG{L)^j^ x 

tG{L)xJ2 ■ By identifying A with its image under the diagonal map, we 
may regard A as a subgroup of i?. By Proposition 1.5.4.36 of [39], we have 
an exact sequence (of pointed sets) 

^GaKL/F) _^ (^/^)Gal(L/F) ^ H\L/F,A). 

By Proposition [539l H\L/F, A) = {1}, so the natural map — > 
(^/^)Gai(L/F) |g surjective. By Lemma [IH tG(L)^j, n tG(L)^.j, = 
TG(L)^,^ax{/i,/2}, so the map (61,62) ^ hb^^ identifies (E/A)^'^^^^/^) 
with {tG{L%j, ■ TG(L).,;jGai(L/F) ^ (^G(L).,^, ■ tG(L),,^J n G. By 
Lemma [5331 B'^''^^^/^^ = tG^^j^ x tG^^j^ . This proves the first statement 
of the lemma. 

Now suppose that min{/i, is concave. By Lemma [5^22l TG(L)j.^jnin{/i,/2} 
is generated by tG(L)^.j^ and t:G{L)^j^. If t:G{L)^j^ ■ tG(L)^.j2 is 
a group, then in fact TG(iv)2;,min{/i,/2} ~ 

tG(L) ^j^ • t G(L)^j,. Since 
TG(L)^.,min{/i,/2} n G = TG^smini/ija} by Lemma[533l the second state- 
ment follows. □ 

6. Normal approximations: basic definitions 

Definition 6.1. Let denote the set of elements 7 G G such that 7 G G 
is absolutely semisimple (in the sense of Definition 14.1 II) . 

For > 0, 7 G G is good of depth d if there is a tame-modulo-center 
torus S such that 7 G \ 5*^+ and 0(7) = 1 or ord(a;(7) — \) = d for 
all a G $(G, S). (This is analogous to the definition of a good element 
of a Lie algebra in Definition 2.2.4 of [T[.) Let denote the set of such 
elements. 

Remark 6.2. Note that an element of Q'f with > has depth precisely d, 
but an element of Qq may have positive depth (in which case it belongs to 
Z(G)), or may not even belong to Go . For every discretely valued separable 
extension E/ F and d G M>o, we have C 
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Definition 6.3. LetE/Fhe a discretely valued algebraic extension. We say 
that an £^-torus S C G has property (Gd^*^^)) if, for all ci > 0, every coset 
in S{E)d:d+ intersects gf^'^^ U {1}. 

Definition 6.4. A collection 7 = (7i)o<i<r' of elements of G, where r' G 

M>o and 7^ G U {1} for < i < r', is called a good sequence (in G) if 
there is a tame F-torus S in G such that 'ji G S for all < i < r'. (We will 
often omit those terms 7^ that are equal to 1 from the notation.) For r G M 
with r < r', put 

c^g\i) ■■= ( n ^«(^^))°' 

0<j<r 

4^(7) :=4(7)(i^). 

By convention, 4^(7) = G, so 4^7) = ^(G), for r < 0. 

Since the intersection defining C^\'-f) may be taken over a finite set, 
we see by repeated applications of Propositions 9.1(1) and 13.19 of [O that 
Cq"* (7) is reductive and defined over F. By Theorem 18.2(ii) of 0, 4^(7) 
is defined over F. Thus, the definitions of C^^(7) and 4'' (7) make sense. 

Note that Cq^ (7) is a compatibly filtered F-subgroup of G, by Proposi- 
tion |4]6] and the definition of a good sequence. 

For later use, it will be convenient to know that the groups Cq"* (7) de- 
scend well to Levi subgroups of G. 

Lemma 6.5. Suppose that 

• E/F is a discretely valued separable field extension, 

• M is an E-Levi F -subgroup ofG, and 

• 7 = (7i)o<i<r' is a good sequence in M and G. 

Then C^{'-f) equals C^^\'-f) fl M, and is an E-Levi F -subgroup ofG^\'-f) 
for < r < r'. 

Proof. Put H = 4^(7)- Clearly, (H n M)° = G^ij)- Let S be the 
maximal F-split torus in the center of M, so that M = Cg(S). Since 7 is 
a good sequence in M, we have that S C H. Then H fl M = Ch(S) is an 
F-Levi F-subgroup of H. In particular, it is connected, so that H fl M = 
C^'' (7), as desired. □ 
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Definition 6.6. Let 7 and r e M be as in Definition[631 Fix a; G B{C^^\2),F) 
and j E M. For this definition only, write 

G(j) = {C^G~'\l))o<^<j ; = (z)o<i<i ; and = (V2)o<i<i 

(where i runs over the indicated elements in M, not M). For x G i3(CQ'' (7) , F) , 
put 

[7; X, r](^') := and [7; x, rf^ := G(2j%,,-(2,). 

(Here, we are using Remark [5.151 to handle "vectors" r(j) and s{j) with 
infinitely many entries. Note also that [y;x,r]^^^ and [7; x, r] are just 
open subgroups of G, not sequences of such subgroups.) Put also [7; x, r] = 

[7; X, r](°°) and [7; x, r] = [7; x, rj^°°\ 

Remark 6.7. If necessary, we will indicate the dependence of [7; x, r] on 
G by denoting it by [7; x, r]^ , and similarly for [7; x, r], [7; x, rY^\ and 
I7; x,rj^-'\ By Proposition |5.40[ each of the groups defined above has a 

more concrete description. For example, [7;^, r] = YlQ^i<r^G~^\^)x,i ■ 
These concrete descriptions make it easy to see the following (although 
they can also be verified directly). 

(1) If h + j < r+, and r = r+ or /i G M or j G M, then 

[7;^,r](^')c4'^)(7),,o+, 

It, x,rf^ c[r,x,h]^^\ 

Gx,r ^ [7; X, r] C G^fl+ , 

and 

Gx,r/2 ^ I7; X, r] C G^^o+ . 

(2) By Lemma l5 . 1 6l and Remark [5 .231 [y; x,r]G(^E)f^Gx,o = [7; a;, r]G(£;)n 
Gx,o+ = [y',x,r]G for any discretely valued separable extension 
E/F. 

(3) Suppose that T is an F-torus such that (T, G', G) is a tame re- 
ductive F-sequence, 7 G T, and x G B{T,F). Let E/F be a 
splitting field for T, fi the concave function appearing in the defi- 
nition of [7; X, r]G(^E), and /2 the concave function appearing in the 
definition of (G', G)(F)a;^(o+,oo)- (See Definition l5.13[ ) By Remark 
I5.31[ {G', G)x,(o+,oo) = G'^fi+ ■ Since G and G' are compatibly fil- 
tered over F, we have that G^^j^ fl G' = G^, . Since, as above, 
[7; x,r]G C G^^o+ , we have [7; x, r]G n G' = [7; x, r]^ n G'^ ^^ . 
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By Lemma[5]29l [7; x, rjc n = TGa;,max{/i,/2} • It is easy to 

verify that TG^^.maxi/ija} = [7; rjc- Thus, 

[T,x,r]G n G' = [r,x,r]G'. 

The analogous facts for |7;x, r], Yl]x^r]^^\ and |7;x, r]'--'^ hold, 
with similar proofs. 

(4) By an argument as in Remark [6 .7 (3 )[ we see that, for j > and 
G M, [7; x,r] fl Cq\'^)xj is the group associated to the vector 
of groups (C^'^''^^~*''^^^(7))j<j and the vector of depths {i)j<i, and 
similarly for [7; a;, r]*^-'''. Thus, by Proposition 15 .401 if h + j < r 
and + 2j <r, then 

[7; X, r](^)([7; X, r] n C^cij)^,]) = [t, r] 

and 



Definition 6.8. Suppose that 

• 7 G G, 

• 7 = (7i)o<i<r' is a good sequence, and 

• r G M with < r < r'. 

Then 7 is an r -approximation to'-f (inG) if there is a point x G B{C^^ (7) , F) 
such that 7 G (no<i<r 7j)^2^,r 7 ^ stabG(x), if r = 0). For emphasis, 
we will sometimes write that the pair (7, x) is an r-approximation to 7. We 

say that it is a normal r-approximation to 7 if 7 G ^^■'(7). 

Note that the notion of a 0-approximation to 7 is nearly trivial. This is 
intentional, and allows us to state Lemma [STTI in a uniform fashion (i.e., 
without separating the cases ci = and d > 0). 

Note also that a (normal) r-approximation may have terms with indices 
greater than r. The point of this is that a normal (say) 7- approximation to 7 
is also a normal 3-approximation to 7. 

Remark 6.9. If (70) is a normal (0+) -approximation to 7, and we put 7>o := 
7o"^7, then, by Proposition 2.42 of 031, we have that (70, 7>o) is a topolog- 
ical Jordan decomposition of 7 modulo Z(G)° (in the sense of Definition 
2.23 of loc. cit.). Conversely, if (7as, 7tu) is a topological Jordan decompo- 
sition of 7 modulo Z(G)°, and 7tu G Go+ , then Lemma 2.18 of loc. cit. 
and Proposition l4.12l show that there is a point x G i3(GG(7as), F) such that 
((7as), x) is a normal (0+) -approximation to 7. 
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If 7 = (7i)o<j<r' is a normal r-approximation to 7, then we will often 
write 7<r and 7>r. for no<j<r 7* ^^'^ 7<r 7' respectively. Of course, these 
depend on the choice of 7, not just on 7. If we use these notations with- 
out explicit mention of 7, then the choice of normal approximation will be 
irrelevant, or clear from the context. 

Remark 6.10. Suppose that 7 = (7i)o<j<r is an r-approximation to an ele- 
ment 'J E G. 

(1) For < z < r, we have that % G ^^''(7); so also 7<r G Zq\^). 

(2) If y G i3(Cg^(7),F) and < i < r, then 7^ G ^gHi) Axes 
the image of 1/ in B^^'^{C^\'y), F), hence acts by a translation on y. 
Since 7^ is bounded modulo Z{G), it actually fixes the image of y in 
^red^Q^ F). That is, 7i G stabciy). Since < i < r was arbitrary, 
also7<r G stabG(^). 

(3) Suppose that?/ G S(Cjr^(7), F), 7>r G Gy^r, and /c G [7;z/,'^]- 
Then 

[k, 7] G G'j^,r • 

Indeed, [k, 7] is the product of the 7<j-conjugates of [k, 7j] (for < 
i < r) with the 7<r-conjugate of [k, 7>r]- By Remark [6. 10(2)[ 7<r 
and all 7<j lie in stabciy), so it suffices to show that [k, 7j] , [k, 7>r] G 
Gy^r for all < z < r. Since k G Gyfi+ , certainly [fc, 7>r] lies in 

Gy^r (evenG'y,r+)- ForO < i < r, we have G (C^^''(7), G')y,(o+,^-^)• 
Thus Lemma[5]32](or Lemma[5]T9l if i = 0) gives [7i, A;] G (C^*'''-*(7), 
and then Lemma [5301 gives [7j, A;] G G^^r • 

Lemma 6.11. The r-approximation 7 = (7i)o<i<r' to •j E G is normal if 
and only if'y commutes with '~fifor < i < r. 

Proof. The 'only if direction is obvious. 

The 'if direction is vacuous if r = 0, so suppose that r > 0. Put H : = 

no<i<r Ccili). By Definition [6E there is x G i3(Gg^(7), F) = i3(H, F) 
such that 7>r G Gx,r ■ On the other hand, since 7 commutes with 7j for 
each < i < r, we have 7>r G i/. By CoroUarv 14.81 H is a compatibly 
filtered F-subgroup of G, so if fi Gx,r = -f^x.r • D 

Remark 6.12. We will see later that every r-approximation to 7 is conjugate 
to a normal r-approximation (Lemma [9^ . Moreover, we don't have much 
freedom when choosing a normal r-approximation (Proposition [S]!]). 
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Lemma 6.13. Suppose T C G is an F-torus, 7 G T, and'~^ = (7j)o<j<r' is 
an r -approximation to 7 such that 7^ G T for < i < r. Then 

{ a G $(G, T) I ord(a(7) - 1) > r} 

= fl {aG<l>(G,T)| a(7,) = l}. 

0<i<r 

Proof. It is clear that the right-hand side is contained in the left. To prove 
the opposite containment, suppose there is some root a such that ord(Q;(7) — 
1) > r, but a(7j) 7^ 1 for some < i < r. Let iq be the minimal such i. 

Then a (7i J a (7)-! = (nio<*<r «(7i))~^«(7>r)~\ so ord(a(7i„)a(7)~i - 
1) > iQ. Note that, if E/F is the splitting field of T, then 7>r G n T C 
G{E)r n T(E) = T{E)r by Lemmata [Bj and [3J1 so also ord(a(7>^) - 
1) > r > zo- Since 

( n n «(7,)-^)«(7>.)-^ = «(7.o)«(7)-\ 

0<j<io io<j<r 

we have that ord(a(7j(,) — 1) > io- That 7jf, G U {1} then implies that 
a(7j„) = 1, which is a contradiction. □ 

Corollary 6.14. If'~f= (7i)o<j<r' '■^ normal r -approximation to 7, 
^0^7) ~ C*G(7<r)°- If further, 7 is semisimple, then Cg,{'-))° C Cq''(7). 

Proo/ We prove the second statement first. By Definition |6.8l 7 G C^^'' (7). 
In particular, there is a maximal F-torus T C Cq''(7) such that 7 G T. 

Then 7^ G Z'^'*(7) C T for < i < r. Now the result follows from Lemma 
I6J31 together with [45, §11.4. 1(b)]. 

For the first statement, notice that the containment C^^ij) C CG(7<r)° 
is clear. The reverse containment follows from the second statement, and 
the fact that 7 is a normal r-approximation to the semisimple element 7<r- 

□ 

7. Good elements and commutators 

Analogues of most of the results in this section are already known for 
good elements in Lie algebras. See LL §2] and L2Z. §2]. 
In this section, let 

• de M>o, 

• Id e Q'i, 

• H = CG{id), 

• 7>d G Hd+ , and 

• 7 = ldl>d- 
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Note that, by Corollary 14. 8[ H is a compatibly filtered F- subgroup of G. 
Lemma 7.1. Suppose that g G G(F^''p) and 3{'^dHd+) n '^dHd+ 7^ 0- Then 

The proof is based on a communication from Stephen DeBacker. 

Proof. Suppose that hi,h2 G Hd+ are such that ^{'jdhi) = 7d/i2- We claim 
that we may assume that hi and h2 are semisimple. 

By Lemma IX2I there exists a complete subfield F' of F such that 

• F/F' is unramified, 

• G is defined over F', and 
. jd,h,h2eG{F'). 

Notice that it follows that H = CG(7d) is defined over F'. By Lemma [X9l 
we have 7^ G gf^^''^ and hi, hi G H(F')d+ . Since = F^'^p, we have 
that g G G(F"'*'''). Thus we may, and hence do, assume that F is complete. 
By another application of Lemma [X9l we see that it is harmless to replace 
F by finite separable extensions, so we do so as necessary. In particular, we 
may, and hence do, assume that g E G. 

If char F = p > 0, then let n G Z>o be so large that /if is semisimple 
for i = 1, 2. Then 

'ilfhf) = {^i^dhi)Y" = ildh^r = ifhf G ^ifHd^) n ^fHd^ . 

Certainly, 7^ E Qd ■ ^^^Y GL„ calculation shows that H = Cg(7^ ), so 
we may, and hence do, replace 7^ by 7^ and hi by /if (which is semisim- 
ple) for i = 1,2. 

If char F = 0, then Lemma 3.7. 18 of [3 1 shows that d/^^(/ij)ss = d//(/ij) > 
(i for 2 = 1, 2. In particular, we may, and hence do, replace hi by (/ii)ss for 
z = 1,2. 

In either case, for i = 1,2, let Tj C H be a maximal F-torus such that 
hi G Ti. Since 7^ G Z{H°) C Ti, also -fdhi G Ti for z = 1, 2. Upon 
enlarging F if necessary, we may, and hence do, assume that Ti and T2 
are F-split. By Lemma [X8l since T2 is an F-Levi subgroup of H, we have 
that Hd+ n T2 = (T2)d+ , so /i2 G (T2)d+ . Since (^^7^) is a normal {d+)- 
approximation to the semisimple element ^(7^/11), we have by Corollary 
[Olthat CG(n7d/^i))° ^ CG(^7d)°. In particular, T2 C CG(^7d)°, so 
3-fd G Z{CG{^-fd)°) C r2. Thus 3hi G T2. As above, we have that ^hi e 
{T2)d+ . Thus 3^d = ld{h2{'hi)-^) G 7d(T2)d+ • We now discard hi, h2, 
and Ti, put T = T2, and simply remember for later use that ^'jd = Id 
(mod Td+). 

Since 7^, ^7^ G T, we have that T, C H, hence T, T» C H°. Since 
both tori are maximal F-split in H°, there is /i G H° such that T = T^'^, 
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i.e., there is some element w G W{G, T) that represents (gh) ^. Then 
^jd = w"^(7d). 

Let S be the subtorus of T generated by the images of the w-fixed cochar- 
acters of T. Then any representative for w commutes with S, so w G 
W{M,T), where M = Cg(S). Let V = X,(T) 0^ Q, and denote by 
and Vw the spaces of invariants and coinvariants, respectively, of V un- 
der w. Since the action of w on V is semisimple and X^,(T) is torsion free, 

V = V'^(BV^ = (X,(T)'" ®z Q) © K, = (X,(S) ®z Q) © K, . 
Thus, if X G X*(T/S) ©z Q is w-fixed, then (x, A) = for all XeV; i.e., 

x = o. 

Thus, for a G $(M, T), {w — 1) makes sense as an element of 
X*(T/S) ©z Q. Now let J be as in Hypothesis (0. By Proposition 14.2 
of Q, the multiplication map Jgg x Z(3)° — »• J is an F-isogeny, where 
Jss is the derived group of J. The preimage of T C J under this map is 
contained in (J^^ n T) x Z{J)°. On the other hand, by Proposition 1 1.14(1) 
of [|71, there is a maximal torus T' in Jss such that T' x Z{J)° maps onto T. 
Thus T' = (Jss n T)°; in particular, T' is defined over F, and w preserves 
T'. Further, there are ;z G Z{J)°(F) and 7^ G T'(F) such that 7^ = 7^2. 
By restriction, we may regard (w — l)~^a as an element of X*(T') ®z Q. 
Then, for all G $^(Jss,T'), 

{{w - l)-^a, = {a, {w - = {a, - {a, G Z; 

so {w - l)-^a G P(Jss, T'). Then x ■= n{w - l)-^a belongs to X*(T'), 
where n is the order of P(Jss, T') /X*(T'). Denote again by x any exten- 
sion of X to T. Now recall that 

w'^ild) = ^Id = Id (mod Td+); 

in particular, by the definition of the filtration on T, x(^~^(7d) ' 7d ^) ^ 
Fdl ■ Thus 

«(7.)" = a{iX = i^-mi'd) = x{nj-\id)-id') = x(^-'(7d)-7,-') e K 

By Hypothesis (O^ n- is not divisible by char f, so we have that ^(7^) G 
F/^ . Since 7d G U {1}, in fact 0(7^) = 1. Since a G $(M, T) was 
arbitrary, 7^ G Z(M). That is, ^7^ = w-\^d) = Id, so g e H(F-p). □ 

From now on, we assume Hypothesis (jAj), so that the results of §5.3l are 
available. 

The next result is the analogue of Lemma 2.3.4 of fT2]. The statement 
involves a concave function / satisfying some complicated conditions. Be- 
cause we need it (or, rather, its consequence Lemma 17.41) in the proof of 
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Lemma r7?6l we must state the result in this generality; but, for most appli- 
cations, we are only interested in the special cases described in Corollaries 
l73]andl73]below. 

Lemma 7.2. Let T be a maximal F-torus in H, and f a positive, Gal(-F'^'^P/F)- 
invariant, concave function on $(G, T). Put 




/(«), aG$(H,T), 
/(«)+, a^<l>(H,T). 



Suppose that 

• (T, H, G) ?5 a tame reductive F -sequence; 

• x,yeB{T,F); 

• 7>d e H^^d n Hy^ct+ (or stabG(x) n Hy^d+ ,ifd = 0); 

• fy f>f'; 

• f ^ f ^ f + e for some e G ]R>o; and 

• either 

- d = and, for all discretely valued tame extensions L/F, 
H(L) n stabG(L)(x) normalizes tG(L)i.j and tG{L)xJ' ; or 

- d > 0, f\/d > f +d, and f yd > f'+d, where d is the function 
on $(G, T) which is constant with value d on $(H, T), and oo 
elsewhere. 

(Here, the operator V is as in Definition \B.1\ ) Then the map g ^ [l^o] 
induces an isomorphism 

[7, ■ ] : tGx',/:/' ^ TGa:,(f+d):{f'+d)- 

Proof. Let be the maximal tame-modulo-Z(G)° F-torus in T. Then 
S" is also a maximal tame-modulo-Z(G)° F-torus in H (and G). Since 
7d G Z{H°) is tame modulo ^(G)°, we have by Lemma|X3]that 7^ G 
If a(7d) = 1 for all a G $(G, S«), then a(7d) = 1 for all a G $(G, T), 
so H = G and the result is trivial. Thus we may, and hence do, assume 
that there is some a G $(G, S**) such that 0(7^) 7^ 1; but then there is 
a G $(G, T) such that a(7d) = 0(7^) 7^ 1. Since 7^ G G^^ we have 
ord(a(7(i) — 1) = d. Let L/F be a discretely valued tame extension such 
that H and G are L-quasisplit, and the image of S** in G is L-split. Then 
a(7d) G L^, sod e ord(L^). 

By hypothesis and Lemma I5.17[ the conditions of Corollary 15.261 are 
satisfied for /. It is easy to verify that they are also satisfied for f + d. 
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Therefore, by §3.3l and Corollary 15 .261 for /i = / and h = f + d, 

TG{L)x,h:h' = Y\. U(^a+h{a)):{a+h{a))+ 

aG*{G,Stt)\<I>(H,Stt) 

(*) 

- Y\. {La(a))h{a):h{a)+ ■ 

ae<I>(G,Stt)\<I>(H,Stt) 

Here, we have chosen (arbitrarily), for each L-root a, an F'^'^^-root a (a) 
restricting to it; denoted by La the fixed field in F^'^^ of stabGai(Fs<=p/L) a, 
fora e $(G,T); written /i' = f if h = fandh' = f'+difh = / + rf;and, 
as usual, used, for any L-root a, the shorthand a + to denote the unique 
affine L-root ip with gradient a such that ip(x) = k. (Really, the product 
should have been over $(G, S'^), where S'** is the maximal L-split torus in 
T; but, by LemmalXU we have that S" = Z{G)° ■ S'K so the restriction 
map $(G, S») — ^ <I>(G, S'«) is a bijection.) 
We will denote by [7^, ■ ]l the map 

tG(L)^j.// — > TG(L)^^(/+d).(//+rf) 

induced by taking commutators with 7^. Note that this map is well defined, 
and a homomorphism. Similar notation (such as [7, ■ ]l) will be used, with- 
out further explanation, as necessary. 
By 231 since 7^ G T(L), the map 

n (^a{a))/(a):/(a)+ > JJ (^a(a) ) (/(a)+d):(/(a)+d: 

aG'I>(G,Sl')\*(H,Stl) ae'I>(G,S»)\<I>(H,Stt) 

induced (via the isomorphisms in (*) for /i = / and h = f + d)hy [7^, ■ ]l 
is 

{ta)a ^ ((a(7d) - l)^a)a- 

Since 7^ G Gf, we have that ord(a(7d) - 1) = d for a G $(G, S^) \ 
$(H, S^), so [jd, ■ ]l is an isomorphism. 

Our next step is to show that [7, ■ ]l is an isomorphism. For the remain- 
der of this proof, it will be convenient to do many of our calculations in 
the f-algebra £ of endomorphisms of the finite-dimensional f-vector space 
V := T^G{L)xj:f' or the f-vector space £' of homomorphisms V — > 
TG(L)^_(/+rf).(//+rf). 

First, suppose d = 0. Then [7, • ]l G £. As elements of £, 

[7,-]i = Int(7)-l 

= (Int(7o) - 1) + Int(7o)(Int(7>o) - 1) 

= [7o,-]L + Int(7o)(Int(7>o) - 1). 

Note that the summands commute, and the first summand is an isomor- 
phism. Recall that 7>o acts simplicially on B{G,F) = B'''^{G,F) x 
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Vf{Z{G)). Since 7>o G -f^?/,o+ ^ stabcd/), the action on the second factor 
is trivial. Since 7>o fixes a; by assumption, it fixes x E {x} x Vf{Z(G)). By 
Lemma [3lTl 7>o ^ H^^q . By Lemma [3TT0l the image of 7>o in (H^)°(fi) 
is unipotent. Since Int affords an algebraic representation of the f^-group 
(H^)° in the f^-vector space in the V (8)^^ fj^, we have that Int(7>o) — 1 is a 
nilpotent operator on V. Therefore, [7, ■ is an isomorphism. 

Now suppose d > 0. Recall that d is the function on $(G, T) which is 
constant with value d on $(H, T), and 00 elsewhere. Since 

{f + d)\/d>{f\/d) + d>f + 2d>f' + d, 

we have by Lemma [STT] that 

[lr]L = [7d, ■]L + Int(7d)[7>rf, -Jl = [7d, + b>d,-]L 

in S'. Further, [7^, ■ ]l = Int(7d) - 1 and [7>rf, ■ ]l = Int(7>rf) - 1 in S'. 

By Lemmata 13.91 and 13 . 1 0[ there exist a parabolic L-subgroup P of H 
containing and an element u E i?un(P)(L) such that 7>rf E uli{L)rc^d+ ■ 
By Proposition 6.4.9 of [12], since u E H(L)2;,d, there are elements Ua E 
Ua+d for a E $(i?un(P), S») such that u = ]\^ Ua- We have that [7>rf, ■ ]l = 
Ea[^a, ■ ]l in S'. We claim that the element T := Y^abd, ■ <=> K, • ]l 
of S is nilpotent. Choose a basis of $(G, S**) with respect to which the 
elements of $(-Run(P), S**) are positive, and denote by ht the associated 
height function. For i G Z, denote by Vi the subgroup of tG(L)j.j.j/ 
generated by the images there of the affine root subgroups Ub^f{h) with 
h E $(G, St*) \ $(H, S*) and ht(6) > i. Note that, for i sufficiently large, 
Vi = {0} and V^i = V. 

Fix i e Z and a E $(i?un(P), S^), and suppose that b E <I>(G, S^*) \ 
$(H,S») satisfies ht{b) > i. 

Notice that a E $(H, S**), sob ^ —a. Since the collection of restrictions 
of dj; to the root groups is a valuation de la dome radicielle, in the language 
of [m §6.2], Definition 6.2.1(V3) of loc. cit. implies that 

[Wa, ^ JJ^ f^(ma+?ib)+{md+n/(6)) , 

the product taken over all m,n E Z>o. If m > 1 or n > 1, then 

U(ma+nb)+{md+nf(b)) ^ TG(L)^_(j+rf)+ C T.G{L)xJ'+d , 

SO the image of [ua, Ub^ in TG{L)x,(f+d):{f'+d) is contained in the image 
there of Ui^a+b)+{d+f{b)) ■ One sees as above that the preimage under [7^, ■ ]l 
of U(^a+b)+(d+f{b)) in the latter case is precisely . Since ht(a+6) > 

i, we have (whether or not a + b E $(G, S*)) that [7^, • o [ua, ■ ]l carries 
the image in V of Ub+f{b) into Vi+i. 

Since b E $(G, S**) \ $(H, S**) was arbitrary, we have that T carries Vi 
into Vi+i for all % eTL, hence is nilpotent. Thus 1 + T is an isomorphism; 
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SO 

[7,-]l = [7<i,-]Lo(l + T) 

is also. 

Finally, we perform tame descent by reduction to the complete case. Sup- 
pose that F' and L' are complete subfields of F and L, respectively, such 
that 

• F/F' and L/L' are unramified, 

• H and G are defined over F' and quasisplit over L', 

• is L'- split, and 

• xe 13{T,F'). 

We replace L' by its Galois closure over F', then F' by the intersection of 
L' and F. Then we have the following additional conditions. 

• L' / F' is tame and Galois, 

• F' = L'nF, and 

• / is Gal(L7-^')-invariant. 

By Lemma [5.33 1 and Proposition 15. 39[ for h = f and h = f + d, 

T^[J^ )x,h:h' - T^{^ )x,h I T^^l-^^ )^^h, - T<^1-^ )x,h:h> , 

which is contained in TGx,h:h' ■ By Lemma [X2l tG(L)^^^.^^^^^ = lim T.G{L')^f^^, \ 
the limit taken over pairs (L', F') satisfying all the above conditions; so 
tG(L)^^^.^^^^'' C TGx,h:h' ■ The reverse containment, hence equality, is 
easy. Since [7, ■ ]l is Gal(L/F)-equivariant, [7, ■ ]f is an isomorphism, as 
desired. □ 

Corollary 7.3. Suppose that 7>rf G if^.d H Hd+ . For r G ]R>o, the map 
9 ^ [1j9] induces an isomorphism 

b;'] '■ {H,G)x,{r,r):{r,r+) ^ , G) xXr+d,r+d):{r+d,ir+d)+) ■ 

Proof. Note that the domain and codomain of [7, ■ ] are both trivial if r = 
s+ for some s G M, or if r = 00; so we assume that r G M. 

Let y be any point of i3(H, F) such that 7>rf G Hy^d+ , and let T be a 
maximal F-torus in H such that (T, H) is a tame reductive F-sequence and 
x,y E B(T, F). (To see that such a torus T exists, let S be any maximal 
F-split torus such that x,y E ^(S). By Lemma |431 there is a maximal 
F^'^-split torus S", defined over F, containing S. Then we may take T to 
be Cg(S^).) Let / be the constant function on $(G, T) with value r. Note 
that tGx-,/ = Gx/r = (H, G')x,(r,r) and tG^ j' = {H, G)x,(r,r+) , where /' is 
as in Lemma IT2I and similarly with f + d and f + din place of / and /', 
respectively. Thus it suffices to show that the hypotheses of Lemma 17^ are 
satisfied. 
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We have that / V / is the constant function with value 2r > r+, so 
/ V / > /'; and / V /' is constant with value 2r > r on $(H, T), and 
takes the value 2r+ elsewhere, so / V /'>/' + r. If c? > 0, and we 
define d as in Lemma 17.21 then a similar calculation shows that f y d = 
f + d> f + dmd f \/d = f + d> f + d.lfd = 0, then Lemma [5l9l 
gives that H(L) fl stabG{L)(a;) normalizes both tG{L)xj = G{L)x,r and 

The next result is the analogue of Corollary 2.3.5 of ll22ll . 

Lemma 7.4. With the notation and bulleted hypotheses ofLemma \7.2\ sup- 
pose further that 

• fyf>f + (0+); and 

• either 

- d = and, for all discretely valued tame extensions L/F and 
allt G ]R>o, H(L) n stabG(L)(a^) normalizes TG(L)^.j+t and 
TG(L)^j/+t; or 

- d>0. 

Then the rGr^j-orbit of'y ■ x-f^xj+d is 7 ■ TG^j+d ■ 

Proof. We have 7 ■ x-f^a j+d ^ (or -f^ H stabG'(x), if d = 0). Since the 
commutator of H^^d (or fl stabG(x), if c? = 0) and tG^j lies in ^G^j+d , 
we have that the xC^^ j-orbit of 7 ■ TH^j+d is contained in 7 ■ xC^: /+d . Thus 
we need only show that every element of 7 ■ ^G^j+d is x^a; j-conjugate to 
an element of 7 ■ TH^j+d ■ By Lemma 13. 2[ given any such element, we 
may find a complete subfield of F over which that element is defined, and 
of which F is an unramified extension. Upon replacing F by this complete 
subfield, we may, and hence do, assume that F is complete. 
For t e i>o and a G $(G, T), put 

f/(«), aG$(H,T), 
\/(a) + t, a^$(H,T). 

(Thus, in the notation of Lemma 17. 21 /' = /o+.) By Lemma [5.29[ 

TGxJl+d = THxJ+d ■ 

t>0 

Thus, it suffices to prove that, for any t G M>o, any element of 7 ■ ^G^j^+d 
is conjugate by tGxj+i to an element of 7 ■ rG^j^^+d ■ 
Choose 5 G T:Gxj'^+d ■ By Proposition 15. 40[ we have 

TGxJ^+d = TGxJ+t+d ■ xC^Jj'^+d ■ 

In particular, xC^; j^'^+d • 5^^ contains an element of ^Gxj+t+d , say 5' . 
Note that f + t satisfies the conditions of Lemma l7.21 so there is an element 
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g e tG^. /+t such that 

In particular, [t'S^-] G xG^j^'^+d ■ Since 

(/;+rf)v(/+t) > (/v/) + (t+rf)>/+(t+d)+>/,v+d 

by our hypothesis on /, Lemma lS. 171 gives [5^^, (?] G xC^ j^'^+d • Thus 

^(75) = 7 ■ [7"\^7]5 • [S-\g] G 7 ■ TG.,/,v+d . □ 

Corollary 7.5. Suppose that -y^d G H.j. d fl Hci+ (or stabG'(a;) H if 
d = 0). For any r G M>o, the G^ r-orbitof'-yHx r+d is •yG^^r+d- 

Proof. This corollary follows from Corollary 17.31 in exactly the same way 
as Lemma l74l f olio w s from Lemma |7!2| □ 

The next result is the analogue of Lemma 2.3.3 of [22J. Corollary 4.4.3 
of [fTTl is a similar result. 

Lemma 7.6. Let x G B{G, F). Ifd = and 7 G stabcix), or d > and 
7 G G^^d, then x G B{H, F). 

Proof. If d = 0, then, by Proposition I4.12[ we have x G B{Gf^{^Q), F) = 
B{C^{%y, F). By Proposition 9.6 of [7J, 

Goi%r = Cg(7o)7^(G)° = H7Z(G)°. 

Thus,x G S(H7Z(G)°,F) C i3''^<i(G, F). Since the preimage in i3(G, F) 
of S(H7Z(G)°, F) is B{H°, F), we have that x G ;B(H°, F) = B(H, F). 

Now suppose that d > 0. By Hypothesis ([B]), H° is a Levi subgroup of 
G. Let L/F be a discretely valued separable extension such that H, hence 
also G, is L-split. Then H° is an L-Levi subgroup of G. Moreover, since 7^ 
lies in any L-split maximal torus of H, we have that d = di^jd) G ord(L^ ). 
Let P be a parabolic L-subgroup of G with Levi component H°, and P' its 
opposite parabolic (with respect to any maximal torus in H°). Let U and 
U' be the unipotent radicals of P and P', respectively. Put 

S(7) = {yGi3(G,L)| 7GG(L),,4. 

If i3(7) C i3(H,L), then Lemma |4J01 gives x G -6(7) n ;B(G,F) C 
B{ii, F), and we are done. Otherwise, we claim that that -6(7) is convex 
chamber closed in the sense of [|27l §3.1]. 

Indeed, it is clear that Bi^j) is closed, convex, and the union of closures 
of facets. By Lemma [l!9l Hd+ C ii(L)d+ , so 7 G 7dH(L)(i+ . Thus there 
is some chamber Go C i3(H, L) so that 7 G 'yd'H.{L)x^d+ for all x G Gq. By 
Lemma [31121 7^^ G ii{L)x,d for all x G Go, so Co G B{'y). If J is a facet 
in ^(7), then there is an apartment A containing both Gq and J, hence the 
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convex hull of Co and J. Since ^ is a Euclidean space, we know that the 
convex hull of Cq and J, hence -6(7), contains a chamber C of B{G, L) 
such that J C C '. That is, B{'y) is a union of closures of chambers. 

Thus there is a chamber C C B{'y) such that C n i3(H, L) = and 
C n -B(H, L) contains a facet J of (7 of codimension 1. Fix y E J. By 
Lemma 2.4.1 of 0, there is n G U(L) n G{L)y such that C BiH, L). 
Note that the closure of uC includes uy = y. Fix z E C. By Theorem 4.2 
of [|29l , since G C i3(H, L), the preimage of G(L)„2 ^ under the 
multiplication map 

U'(L) X H°(L) X U(L) — > G{L) 

is 

(U'(L) n G(L)„,,,) X H(L)„,,rf X (U(L) n G(L)„,,,). 

Since ^ G C C i3(7), we have that 7 G G{L)z^d, so 7 • [7^-^,'u] = ""7 G 
G(L)„^,rf. Since 7 G H°(L) and [-f'\u] G U (Lj, in fact 7 G H(L)„^,rfand 
[7-1, u] G U(L)nG(L)„,,rf. ByLemmaim [7-^, n] G U(L) nG(L)^,rf+ 
for some point w near uz. In particular, we may choose w to lie in uC. 
Since (i G ord(L^), we have that G{L)u,d+ = G{L)uzd+, so [7"\n] G 
U(L) n G(L)„,,,+ . 

That is, "7 G 7(U(L) n G(L)„,,rf+) = 7 ■ TG(L)„,j+rf , where^T is an 

L-torus in H of maximal F^'^-split rank, and / is the function on $(G, T) 
which is e on $(U, T) and 00 elsewhere (for some suitably small e G M>o). 
By Lemma |74l there is k E tG{L)uzJ such that ^^"7 G 7 • T^ii{L)uzj+d = 
{7} ^ 7(iH(L)d_,_ . Since ku E U(L), there is a one-parameter subgroup 
A G X4^(H°)) such that Muit^oo ^^^Hku) = 1. On the other hand, by 
Lemma ITU, ku E H(L); so limt^^ ^'^^'^{ku) = ku (mod H°(L)). Thus 
fcu G H°(L) n U(L) = {1}, so M = k-^ E tG(L)„^j C stabduz). In 
particular, ^ = u~^{uz) = uz E C (1 uC C C fl i3(H, L) = 0, which is a 
contradiction. □ 

8. Existence and uniqueness of normal approximations 

We now discard the notation d, 7, 7^, and H of the preceding section. Fix 

7 G G and r G R>o. 

In this section, we show that normal approximations often exist. When 
they exist, they are essentially unique. 

Lemma 8.1. Suppose that 

• (G', G) is a tame reductive F-sequence; 

• dE M>o; _ 

• d > or 6*0+ is contained in the image ofGo+ ; 

• 7 is bounded modulo Z{G); and 
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• 7 has a normal d-approximation {pii)o<i<d with •ji G G' for < i < 
d. 

If there is a maximal tame-modulo-center (of G) F -torus S C C^] {'-/), 
satisfying property (Gd^), such that 7 G 5, then G S for < i < d, and 
there are elements 7^ G S for d < i < r such that (7i)o<i<r is a normal 
r -approximation to 7. 

The hypothesis that 7 is bounded modulo Z{G) is redundant if > 0. If 
(i = 0, the existence of a normal d-approximation is vacuous. 

The point of this result is to show that normal approximations exist in 
abundance. Since it is not much additional work, we show that we may find 
normal approximations in G and G' simultaneously. 

Proof. If the result holds (with d fixed) for all r' sufficiently close to r, then 
taking the union of successively larger r'-approximations gives the result 
for r. Thus the set of all r for which the result holds is order-closed. Fur- 
ther, if the result holds for the pair (c/, r), then it holds for the pair (c/, r+) 
if and only if it holds for the pair (r, r+). Finally, since a normal 
approximation is precisely a normal (r + e) -approximation for e G ]R>o 
sufficiently small, the result holds for the pair (rf, r+) if and only if it holds 
for all pairs (c?, r + e) with e G ]R>o sufficiently small. Thus, if we can 
show the result for all pairs (d, d+), then we will have shown that (with d 
fixed) the set of all r for which the result holds is also order-open, hence 
consists of all r G M. That is, we may, and hence do, suppose throughout 
that r = d+. 

By Corollary [A.21 T := Cg(S) is an £'-Levi F-subgroup of G, where 
E / F h the splitting field of S/Z(G)°. It is also a maximal torus in G. 

Suppose d = 0. By Proposition 2.36 of ll43l . 7 has a topological Jordan 
decomposition 7 = 7as7tu (in the sense of Definition 2.23 of loc. cit.). In 
particular, belongs to a torus containing 7 = 7sg, hence, by Lemma 
2.25 of loc. cit., to every maximal such torus — in particular, to the image 
in G of T. By Proposition 2.43 of loc. cit., we have that 7(-^ G Go+ ; so, 
by hypothesis, 7|-^ has a preimage 7>o G Gq^ . Put 70 = 77>o. Then 
(7o)~ = 7as belongs to the image in G of T, so 70 G Z{G)T = T, hence 
also 7>o G T. By Corollary 2.37 of loc. cit., (70)" is tame, i.e., 70 is tame 
modulo center in G. By Lemma lA.l 1[ 70 remains tame modulo Z{G) 
in T, hence belongs to S, the (set of F-rational points of the) maximal 
tame-modulo-Z(G) torus in T. By Lemmata 13. 9[ 13. 8[ and 13. 7 [ we have 
7>o e To+ C G,,o+ for any x G S(T, F) C B{Gg{io), F). Thus, (70) is a 
normal (0+)-approximation to 7. 

Now suppose d > 0. By Definitions 16.11 and 16.81 7j belongs to a tame- 
modulo-center F-torus in G^{'-)) for < i < ci. By Remark [6. 10(1)[ 7^ G 
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Zq^ (7) for < i < d. Since S is a maximal tame-modulo-center F-torus in 
C^\'y), we have by Lemma |A3] that 7^ G S* for < i < rf. Thus 7>d G S, 

and we may, and hence do, replace G' by C^} (7) . Since 7>d G Gd,v^e have 
by Lemma[X9lthat 7>d G G{E)d , hence by LemmalXSlthat 7>d G T(E)d . 
By Lemma 2.4 of [331, we have S{E)o C T(E)o . By the definition of the 
filtrationonS(F), we have that S(F)nT(E)d = S{E)onT{E)d = S(F)d ; 
in particular, 7>d G S{E)d . By Lemma [3Jl 7>d G 5^ . By property (Gd"^), 
there is an element 7^ G -f>dSd+n{Q^U{l}). Put 7 = (7i)o<i<d and choose 

X G S(Cg'(S),F) C i3(c(f+)(7),F). Then (no<.<d7^)"'7 e , and 
reasoning as above shows that Sd+ C C G^, . That is, 7 is a 

(c/+)-approximation to 7. Since 7i G S* for < i < c?, we have that 
7 G 5 C CQ^\'y), so 7 is a normal -approximation to 7. □ 

In Lemma lSTl we showed that, if (C, G) is a tame reductive F-sequence, 
then some normal approximation in G is also a normal approximation in G' . 
The next result shows that, if (G', G) is a tame Levi F-sequence, then any 
normal approximation in G is already also a normal approximation in G' . 

Recall that r G M>o. 

Lemma 8.2. Suppose that 

• {G' ,G) is a tame Levi F -sequence, 

• leG', 

• 7 = {li)o<i<r is a normal r -approximation to 7 in G, and 

• r < 0+, 7 is semisimple, or 7<,. G G'. 

Then 7 is a normal r -approximation to 7 in G', and 



1>T e 



[x G B{G^^\^),F) I 7>. e G,,,}ni3(G',F) = ja; G ^(Cg(7),F) 

Proof. We may, and hence do, assume that r > (since otherwise the state- 
ment is vacuous). To show that 7 is a normal r-approximation to 7 in G", 
we need to show two things: 

(1) that it is a good sequence in G' (i.e., that there exists a tame-modulo- 
center F-torus in G' containing all the 7^); and then 

(2) that7>, GGg(7)r-. 

Suppose that 7<r G G' . Then also 7>r = 7<^7 G G' . By Corollary 16. 14[ 
4^(7) = Z(GG(7<r)°) C G'. By Remark [O0(T)| 7, G 4^^(7) C G' for 



all < z < r. Since there is a tame F-torus in G containing all the 7^, we 
have by Lemma lA.l II that there is a tame F-torus in G' containing all the 
7j. Thus, 7 is a good sequence in G' . Put H = Gq^(7) and H' = Gq,''(7). 
By Lemma [631 H' = H fl G'. In particular, H' is an F^'^-Levi F-subgroup 
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of H; say L/F is a tame finite extension such that H' is an L-Levi F- 
subgroup of H. Since 7 is a normal r-approximation to 7 in G, we have 
that 7>.,. E Hj. <^ H(L)r ; so, by Lemmata 13.81 and [3^ we have that 7>r G 
H' n H(L),, = H' n H'(L)j. = H'^ . Thus, 7 is a nomial r-approximation 
to 7 in G". Now another application of Lemmata |3.8| and l3.9[ together with 
Lemma 14.101 gives the desired equality of subsets of B{G', F). 

Thus, it remains only to show that 7<,. G G'. Remember that we have 
assumed that r < 0+, 7 is semisimple, or 7^^ G G'. Thus, it suffices to 
show that either of the first two conditions implies the third. 

If is semisimple. then, by Corollary 16. 141 we have Z^^(fy) C Z{Gc{"y)°) ^ 



G'. By Remark [O0(T)l 7<r G Z^^'i^y). 

If r = 0+, then, by Remark \6M (7o,7>o) is a topological F-Jordan 
decomposition of 7 in G, modulo Z{G). Denote by 7 and % the im- 
ages of 7 and 7o in G. By Lemma 2.25 of [|43l|, % G Z(Cg(7)). Since 

7 G C^^(7) = Cg(7o)°5 we have that 70 G GcilT, so actually % G 
Z{Gq{^)°). Finally, by Proposition 9.6 of [7], we have that Cg(7)° surjects 
onto Cq(7)°, hence that Z(Cg(7)°) surjects onto ^((75(7)°). Indeed, it is 
easy to see that Z(Cg(7)°) is the full preimage in G of Z{G^{^)°). Thus, 
7<. = 70 G ^(Cg(7)°) C G". □ 

The next two results concern the extent to which a normal approximation 
to 7 is determined by 7. If one is concerned only with semisimple elements 
(for example, for computing the values of supercuspidal characters of re- 
ductive p-adic groups, as in iH), the argument below can be replaced with 
a root-value calculation in the spirit of Lemma 16.131 and Corollary 16.141 
We prove the results for general elements 7 since the argument is not much 
longer. 

Lemma 8.3. If^ = (7j)o<i<r is a normal r-approximation to 7 and 70 = 1, 
then 7j = 1 for all < z < d(7). 

Proof. Suppose that j < d(7), and that 7^ = 1 for < i < j. Then, 
by Definition [Ol there is x G i3(C^^^(7), F) such that 7 G ljG^j+ n 

Cg^^(7) = 7,Cg^H7).,,+ - By Lemma Hm d(7,) > j. Since 7,- G 
Qf U {1}, this means that 7^ = I. That is, 7^ = 1 for all < ? < d(7). □ 

Proposition 8.4. If'y = {'ji)o<i^r and'j' = {^'^Q<i^r <^re normal r -approximations 
to 7, then, for all < i < r, 

(Cent.) C«(7) = 4^(7'); 

and, for all < i < r, 

(Cong,) 7: = l^ mod (Z« (7) n C« (7).) (4+^ (7) n Gt^ (7).+) • 
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Further, 

(Cong;.) 7; = 7, mod [Z^i^^ (7) n (7),+) 

whenever j < r is such that = •y'ifor < i < j. 

Note that, for any index i, (Cong'-) implies (Cong.). 
Proof. Note that (Cento) is true. For < i < j < r, we have that 

4^^(7)CZg)(7)c4^-)(7)CC«(7). 

Suppose that j E M>o is such that j < r, (Centj) holds for all < i < j, 
and (Cong^) holds for all < z < j. In particular, there are elements 

Zi e (7) ^ 4^7) such that 7,^ = zai for < z < J. If 7i = 7,^ for 
<i < j, then 2;^ = 1 for < i < j. Put 

7>j = ( n ^iV^^^ = 77S>i, 

0<i<j 

^>J- = ( n ^O^V' 7>, = 7r'7>i- 

0<i<i 

Then7>j = z-f'-^j, where 2; = no<i<i ^ 4^7)- If 7i = 7i forO < i < j, 
then 2 = 1. 

Since 4+^(7) = (7), and similarly for 7', we may, and hence 

do, replace G by 4^7) = 4^(7'). 

Since a normal r-approximation to 7 is a fortiori a normal (j+)-approximation 
to it, there are x e i3(4+^(7),F) and x' e B{d^^\-/),F) such that 
dx(7>j) > j and d:,;'(7;,^.) > j. Then 

7>, G T n zT', 

where 

T:=7.4"'^(7)..+ and T' := 7;4^^(7').'.+ • 

Since 

TCG,,, and T' C G,. , , 

Lemma 13.131 gives 

(*) z G G^'j . 

Thus ljC^S^\l)j+ n ^ 0. By LemmaHZl x' G i3(Cj^+^(7), F). 

Since T and T' are open, there is a semisimple element 5 of T fl zT'. 
Since 77^5 G 77'T C 4+^(7) j+ , we have that 7^ is a normal 

approximation to 6. Thus, by Corollary 16.141 Cg{S)° C C^'^''(7). In par- 
ticular, 7^. G Cg(5)° belongs to (7). Since x' G i3(Cg+^(7), F) and 
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'^'f^z^'^d e G:r',j+ , we have that j'f^z^'^d G ■ the other 

hand, z'^S E z'^T = z-'^-fjC^J~^\j)^j+ , which (by Remark [O0(T)l ) is 
contained in Z^J^\j)C^g~^\i)^,J+ ■ ^hat is, 

By LemmainSl 7- e z'^^^\^)C%^\j),^ . 

Put H = Cq^^ (7), and let T' be a maximal torus in H containing 7^-. De- 
note by E/F the splitting field of T'. By LemmallQl -1'. G Z(H)(E)H(F)j+ 
By Lemmam T'(F) n Z(H)(E)H(F)j+ = Z(H)(F)T'(F)j+ . Thus 
the root values of 7^ for H all lie in E^^ . (The term "root value" is de- 
fined in Definition lA^I ) Since 7^ G U {1}, the set of root values of 
i- for H is therefore {1}; i.e., 7^ G Z{Il). Thus H C Cg{i\)- Since 

H is connected, in fact H C ^0(7^)° = C%^^{i). The same argu- 
ment (with the roles of 7 and 7' reversed) gives the reverse containment; 

so = H = This is (Centj-+). 

Now recall that T = 7jC^^''(7)^j+ = '-fjHxj+ and, similarly, T' = 

ijH^,.j+ , so 

^jH.,^j+ n 2:7;.//,,,+ = T n 2;TV 0; 

and 7j, 7^, and (by (*)) z belong to Z{H) n /J^ . By Lemma[3l2l ^(^) n 
i/j = Z{H) n -f^i'j . Therefore, the coset 'j~'^z'jjHx'j+ is in Hx',j:j+ and 
intersects Hxj+ . By Lemma [3.10[ 7/^-27^ G -f^j+ ; in fact, 7j~^^7j ^ 
n Hj^ . If 7i = 7- for < i < j, then 2 = 1, so we have (Cong^). In 
general, z G Z^^^y) and (by (*)) 2; g C^c\l)j ; so we have (Congp. □ 

9. Normal approximations and conjugation 

We preserve the notation 7 and r of the previous section, so 7 G G and 
r G i>o. 

We begin with a result which will play a technical role in [|5l . 

Lemma 9.1. Suppose that io,jo,to G M>o satisfy io + jo = to- Suppose 
further that 

• 7 has a normal iQ-approximation 7, 

• X G S(Cg°\7),F), and 

• 'j>io G G'^.,io (or stabG(x), z/zq = Oj. 

//A; G G,,,,H_ and [7, A;] G G,,^^ , then [7, A;] G (Cg^^T), G) 

Proo/ We have th at [7, k] = [-f^i^, k] ■ t<»o [j>i^,k]. Note that [-f>i^, k] e 
Gx,to+ ■ By Remark [6. 10(2)1 , 7<jQ G stabG(^); in particular, 7<iQ normalizes 
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Gx^to+ ■ Therefore, [7<i(,, k] e G^^ ■ By Lemma [5301 in fact [7<jo, k] E 
(Cg°^(7), G)^,^to+,to)- The result follows. □ 

The next result shows that every r-approximation to 7 is conjugate to 
a normal one. After this result, we will assume that 7 has a normal r- 
approximation. 

Lemma 9.2. If (7, x) is an r-approximation to 7, then there is some k G 
[7; X, r] such that ^7 is a normal r-approximation to 7. 

Proof. Trivially, every 0-approximation to 7 is normal. If 7 has an 00- 
approximation, then 7 is semisimple. Then, by Lemma [6.1 H and Corollary 
|6.14[ such an approximation to 7 is normal. Thus, we may, and hence do, 
assume that < r < 00. Write 7 = (7j)o<j<r' • 

Since all but finitely many 7^ are equal to 1, by Lemma |X2l there is a 
complete subfield F' of F such that F/ F' is separable, and 7 and each 7^ 
are defined over F' . Since [7;x, r]G(F') ^ [7;^;, r] by Remark [6.7(2)[ it 
suffices to assume that F is complete. 

In this setting, we need only show that, ifd E M>o is such that d < r and 
(7,0:) is a normal rf-approximation (as well as an r-approximation), then 
there is some k G [7; x,r] such that ^7 is a normal -approximation. 
Let H = C^^\j). By Definition IMl x E B{U, F) and 

7 e ( n 7*)^,,. nH={Y[ -fi)H,,r ■ 

0<i<r 0<i<r 

By Corollary 17.51 there is some k E H^^r-d ^ [7; x, r] such that 

( n ir'r'i)='^'[{ n ^o'V] ^ ( n i^)CH{id).,r. 

0<i<d 0<i<d d<i<r 

That is, ^7 commutes with 7i for < i < d. By Lemma [6.11[ ^^7 = 
{^'ldo<i<r' is a normal approximation to 7. □ 

From now on, assume that 7 has a normal r-approximation 7 = (7i)o<i<r • 
By Proposition 18. 4[ the choice of this approximation will not affect any of 
the results or definitions that follow. 

Definition 9.3. Put C^^\^) = C^^\j), 4^(7) = C^^\j), 4^(7) = 
4(7), 4^7) = 4^(7), b;x,r](^) = [7;x,r]0-), [^-^^r] = [r,x,r]^\ 
I7; r]*'-'^ = I7; X, r and |7;a;,r] = [7; ,t, r]''°°-' for (j, x) G M x 
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Remark 9.4. If (7', x) is a (not necessarily normal) r-approximation to 7, 
then, by Lemma there is /c G [7';^, r] such that ^^7' is a normal r- 
approximation to 7. Then 

[7; X, r] = [V; X, r] = ''[7'; x, r] = [7'; x, r]. 

Definition 9.5. Put 

Br{i) = [x eB{G,F)\-ix = x] ifr = 0, 

Br{i) = {x G i3(Cg)(7),F) I 4)(7)7nG,,, ^ 0} ifr G M>o. 

The next result shows that, for r > 0, Br{'y) is precisely the set of points 
X such that (7, x) is a normal r-approximation. (In fact, that is also true for 
r = 0.) 

Lemma 9.6. Ifr>0, then 

Brii) = {x G i3(Cg)(7),F) I d.(7>.) > r}. 

Proo/: By Remark [O0(T)l 7>^ = 7<^^7 G ^£^(7)7. By Definition [631 
7>. G G',,,,nCg)(7) = 4'H7W C 4^)(7),(forsomei/ G B{d^\j),F)). 

Suppose that x G -6^(7). Then 4''(7)7 C 4''(7)G'2,^r . so 7>r G 
4^^(7)G,,,n4H7) = 4^(7)4^7).,^. ByCorollary[Il4l7>, G G,,, . 

On the other hand, suppose that dx{'y>r) > r. Then 7>r G 4'' (7)7 ^ 
Gx,r > SO the intersection is non-empty. □ 

Corollary 9.7. If'y has a normal {r+) -approximation, then Bri'j) C B{C^^^ (7), F). 

Proof. This follows immediately from Lemmata 17. 61 and 19. 6[ □ 

The next result is an analogue of Lemma 3.6 of ll3T1l . 

Lemma 9.8. Fix d G ]R>o- Suppose that 

• X G Bri'j), 

• 9 ^ Gx,ma.x{d,0+} > <^nd 

• [y,g]e G^^d+r- 
Then g E [7; x, d + r]. 

Proof. Since [7; x, 0] = Ga;,o+ > the result is trivial if c? + r = 0; so we 
assume that d + r > 0. 

Let T be a maximal F-torus in 44)' ^^'^ E/F the splitting field of T. 
By Lemma [3771 

g G G{E)x^d and [7, g] G G(E)^,rf+, . 

If r = 0, then, since 7 = 7>r stabilizes x, hence G{E)x,d, we have 
[7>^, c/] G G(E)^,d = G(E)^,d+^ . If r > 0, then 7>^ G G^,^ C G(E)^,^, 
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SO again [7>r,fi'] G Gx,d+r C G{E)^^d+r- By Remark [6?T0(2)i G 
stabG(s)(^), so '^<'-[7>^,5(] G G(£')^,rf+^ . Since [y,g] = ^<'-[7>r,fi'] • 
['j<r,g], also [7<r,fi'] G G(E)^,rf+^ ; i.e., lnt{'j<r)g = 9 (mod G{E)^^d+r)- 
By Remark [34l the multiplication map 

(*) n ^Ua(^) n G(E),,^axKO +}) ^ G(-E')a;^max{(i,0+} 

aG5(G,T) 

is a bijection. Denote by (5'a)ag5(GT) '•^^ preimage of g under (*). Let 
(eQ : — > Ua(-E'))ag$(G,T) be the isomorphisms of §3.3[ and, for a G 
$(G, T) and t E E, let rria t be the endomorphism of Uq(£') given by 

'e„(t-e-i(n)), aG<l>(G,T) 
M, a = 0. 



Then the preimage of lnt{j^r)g under (*) is {ma,ai'y<r)i9a))ae^(G,T)- Re- 
call that Int(7<r)5' = g (mod G(-E')2;_d+r)- By Corollary 15.251 (applied to 
the constant functions fi and /2 with values max {d, 0+} and d + r, respec- 
tively) gives that {r\a,a{'y<r)i9a) = 9a (mod G{E)^^d+r) , i.e., 

fora G $(G,T). 

Fix a G $(G, T). If ^(7^) = 1 for < i < r, then U« C Cj:')(7), so 
ga G CgH7)(E)nG(E),,rf C [7;x,rf+r]. Ifa(7i) 7^ 1 for some < i< r, 
then, by Lemma [6T3l ia ■= ord(a(7<r) — 1) = min | a(7i) 7^ l}- By 
Remark [34l Ua{E) fl G(-E')2,',d+r- = , where ip is the affine function on 
^(T) with gradient a satisfying iIj{x) = d + r. Then Uq, C C^°'\'y), so 

In particular, 

9» e m;^^„(^^^)_i(f/^) = f/^_i„ C [7;x,rf + r]G(i?). 

By Remark [6.7(2)[ [7; x, rf + r]G(£;) nG^,o+ = [7; a;, c^ + '^Jg , so = Hs'a G 
[7;x,rf + r]G'. □ 

Remark 9.9. We will often apply the above lemma with d = and r = 

dx([7,^])- 

The following "rigidity" result will help us in [5] to apply Harish-Chandra's 
character formula. 

Lemma 9.10. Suppose that 

• (G', G) is a tame reductive F-sequence; 
. xeB{cS>h),F)nB{G',F); 
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• k E Gxfi+ ; and 

• Zq^ (7) and ^z'^Q (7) are contained in G . 

Note that the statement can also be rewritten as '^^ 0+7 n G" = '^^.0+^ 
(under the stated conditions on 7 and x). 

Proof. Since the result does not change if we replace 7 by 7<r, we do so. 
Then 7>.,. = 1, so, by Lemma Brici) = B{C^^\'y), F). In particular, 

X G Br il). 

Let io be the greatest index i such that k G G'^ Q^CQ\'y)x,o+ • If ^0 > r, 
then we are done, so we may, and hence do, assume that io < r. Since the 
hypotheses and conclusion do not change if we replace /c by a left 0'^^+- 

translate, we may, and hence do, assume further that k G Cg°^(7)a; 0+ • 

By Remark [O0(T)l 7i e ^gHt) ^ G", and similarly ^=7^ G G", for 
< z < r. By applying Lemma |7]6] repeatedly, one sees that x belongs 
to S(Cg?^(7), F) (in fact, to i3(Cg(7), F)). Thus we may, and hence do, 

replace G and G' by C^°\'-f) and C^,\'-f), respectively. Now 7<j(, and 
7<jQ, as well as their /^-conjugates, belong to G'; so 7>j(, and 7>io, as well 
as their /c-conjugates, belong to G'. 

Since x G Br{j), a fortiori x G Bi^^j) and x G Bi,,+{j); so 7>io G 
(or stabG(x), if io = 0) and 7>i„ G G^-,jo+ • Thus 

SO ((7jj,),x) is an (io+) -approximation (in G') to '^7>io G G'. By Lemma 
19. 2[ there exists /i G G^ 0+ su'^h that (('*7io); a;) is a normal (zo+)-approximation 
to ''7>io; that is. 

By Lemma ITTTI h'^k G GG(7io)- In fact, since h,k E Gxfl+ and x G 
'B(GG(7io), -^), we have by Corollary |48] that h'^k G GG(7io)x,o+ • Note 
that, since G = Gg"^(7), we have Gg^hS = Ci^°^\-f), so that h-^k G 

Gg°+H7)x,o+ . Since h G G;,o+ . we have k G G^. o+Gg"+)(7).,o+ , which 
is a contradiction of the definition of zq- D 

Now we prove a few technical lemmata which will come in handy in the 
proof of Proposition 19. 141 

Lemma 9.11. Suppose that 

• t G i>o, 

• {G' , G) is a tame Levi F -sequence, 

• G'/Z(G') is F -anisotropic, and 
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• xe B{G',F). 

Then {G' fl stabG{x))Gx,t H Go C Gxfi, and dx{g) > miYi{t,d{g)} for 
^ G (G"nstabG(s))G',,tnGo. 

Proof. The containment follows from Lemma [3.1 1[ 

Suppose that g G {C fl ^tahG(x))Gx,t H Go and j := (\.x{g) < ^((7). If 
j < t, then, by Lemma |3.10[ gGx,j+ ^ . By Lemmata |3.9[ |3.8[ and 
13771 we have G' n Gj+ = G'j^ = G'^j^ . Thus, since gGx,j+ nG' in 
fact gGxj+ n G^ 7^ 0; so (yf G Ga;j+ , which is a contradiction. □ 

Lemma 9.12. Suppose that 

• t G i>o, 

• (G', G) Z5 a tome Levz F -sequence, 

• 4*^(7) C [T'-'*]G', 

• X G i3(G',F) ni3t(7), a«J 
. [7;x,t](G"G,,i+). 

r/zen 7 G (G' n stabG(^))G^,t+ . 



Proof. Note that 7<j G stabG(x) by Remark [6. 10(2)[ and 7>t G stabG(a:) 
by Lemma WM (if t > 0) or by Definition 1931 (if t = 0). Thus also 7 G 

stabG'(s). 

In particular, if t = 0, then, since [7; x, 0] C G^^ 0+ (in fact, we have 
equality), any [7; x, t] -conjugate of 7 lies in 7G2: 0+ ; so the result is easy. 
Thus we may, and hence do, assume that t > 0. 

By hypothesis, there is A; G [7; x, t] such that ^7<j G G'. By Corollary 
[631 Gg)(^) = Gaei<tr, so 4^(7) = Z(GG(^<i)°) C G'. Upon 
replacing 7 by ^^7, we may, and hence do, assume that Zg^(7) C G'. In 



particular, by Remark [6. 10(1)[ 7<t G G'; so, by hypothesis, 7 G G'Gx,t ■ 
Since G' is an F*''-Levi F-subgroup of G, there is a tame F-torus S' C G 
such that G' = Gg(S'). Since 7<t G G', we have S' C GG(7<t)°; so, by 
Corollary [631 S' C Gg^(7). 

Let S be a maximal tame-modulo-center F-torus containing S', hence 
contained in G'. By Definitions 16.11 and 16. 8[ the terms 7^ for < z < t 
belong to a tame-modulo-center F-torus in Gq^(7). Therefore, by Lemma 
IA.31 the terms 7j for < z < t in fact belong to S. Thus (7i)o<i<t is a 
good sequence in G'. By abuse of language, we will write (for example) 
Gq^(7) in place of G^,{{'yi)o<i^t), even though possibly 7 ^ G'. Let T be 
a maximal F-torus in G' containing S. Now recall that [7; x, tjc = G^ f, 
where G := (G^ (7))o<i<t andr:= (t-z)o<i<t; and, similarly, ['y;x,t]G' = 
G^ where G' := {G^Sh))o<i<t- Let be the function on <I>(G, T) such 
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/"*"(«) = mill I (t — i 

forae$(G',T)\$(Cg^(7),T); 
f^ia) = 0+ 

fora G $(Cg^(7),T);and 

/"""(a) = mill ^ t — i 



aG<l>(C«(7),T)} 



aG<l>(C«(7),T)} 



otherwise. Note that this function is concave. By hypothesis, we may, 
and hence do, choose k G [y;x,t]G such that ^^7 G G'Gx,t+ ■ Then, by 
Proposition I5.40[ there exist k' G [y;x,t]G' and A;-*- G tG^j^ such that 
= /c'/c^. Modulo G'a;,t+ 5 we have 

S = ^'(7[7-\fc^]) = S-[7-\fc^] 

= [F, 7] ■ 7 ■ [7-', k^] = [A;', 7<t] ■ 7<t7>* ■ [7<^ k^]- 
Since 7<t G G", also [A;', 7<t] G G". Thus 

7>f[7<t,fc^] . 
By Remark [O0(3)| [7<t , k^] G . Thus in fact 

7>t ■ [7<t , A:^] G G"G.,i+ n G.,^ = (G', G'),,(i,,+). 
Recall that 7>t G C^^ (7)^,4 , so 

(*) b-<l k^] G 7>*'(G", G').,(t,+) C tG'.j , 

where / is the function on $(G, T) which takes the value t on $(G', T) U 
$(Cq^(7), T) and the value t+ elsewhere. In particular, [7^^^) k^] G G^^t ■ 
Then we have 

(**) [7<,\A:^]e(cW(7),G').,(,+,) 

by Lemma [530l Finally, by Proposition l5.40l we may write k-^ = no<i<t ki, 

where ki G (Cg,^(7), Cg^(7)),,((t_i)+,t_,) for < « < t. Put 7' := 7<i. 
Then, with the obvious notation, we have 

[i-\k^] = n 'Hi'-\ki] = n 'Hii^^ki]. 

0<i<t 0<i<t 

ByLemma[532l b>i,ki] G (^2^(7), Cg)(7)).,(t+,t) C (G", G').,(,+,). 
In particular, [y'-^i^k^] G Gx,t- Since /c;J:j G G'x,o+ , the commutator 
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Of fc^, With [i^l.ki] lies in G.,^t+ C (G", so ""Hi^lM] G 

(G", G')^.,(j+,j) also. Thus 

(***) b'-\k^] e (G",G'),,,(t+,t). 

(It is also possible to show this directly, without appealing to Proposi- 
tion 15 .401 as in Remark |6.10(3)^ but the argument is more complicated.) 



By Lemma 15.291 and Remark |5.31[ it follows from (*), (**), and (***) 

that [7<t,/i;"'"] G Gx,t+, hence also [7"\A;-'-] G Gx,t+ ■ Further, ''^■y = 

l[l~\k^] G yGx,ti and'^'T = ''"'7 G ^'-\G'Gx,t+) = G'Gx,t+, so 
7 e G"G,,t+ . □ 



Recall that r G 



Lemma 9.13. Suppose that 

• (G', G) w a tome Levi F -sequence, 

• G' / Z{G') is F -anisotropic, 

• X e B{G', F), and 

• 7 G (G" n stabG{x))Gx,r- 
Then x G Br{'y). 

Proof. If r = 0, then, since -60(7) is the set of points in B{G,F) whose 
image in B'^'"^{G, F) is fixed by 7, in particular {x} x Vf{Z{G)) C ^0(7); 
so we are done. If r = 00, then -6,(7) = B{C^^\-f), F) = B{G^^'\-f), F) 
for r' G M sufficiently large. Thus we may, and hence do, assume that 
< r < 00. 

Now it suffices to show that, if t G M>o with t < r, and x G -64(7), 
then X G Bt+{-f). Since Bti^f) C B{C^^'^\-f), F) by Corollary l9Jl Lemma 
19.61 shows that it suffices to prove 7>f G Gx,t+ ■ By Lemma 19.1 11 since 
d(7>t) > t, it suffices to prove that 7>t G ^^^^g{x) (^(^/ p stahG{x))Gx,t+) ■ 

First suppose that t = 0. Write 7 = 7'7^, with 7' G stabG'(x) and 
7^ G • By Proposition 2.36 of (43], 7' has a topological Jordan de- 
composition 7' = 7^37,'^ in G' (where G' = G7Z(G)°). Then ((7^3),^) is 
a normal (0+) -approximation to 7', so ((7as);^) is a (O-l-)-approximation 
to 7. By Lemma [9^ there is A; G Gx,o+ such that C^^!^^) is a normal (0+)- 
approximation to 7; in particular, 7 = ^7^ ■ ('^7as^)7 is a topological Jordan 
decomposition. On the other hand, 7 = 7o7>o is also a topological Jordan 
decomposition, so, by Proposition 2.24, % = '=7^ e 7as^s,o+ = lGx,o+ ■ 
Thus 7>o = 7o ^7 G G'x,o+ ^ so there is a small neighborhood U oi x 
in S(G, F) so that 7>o G Gx',o+ for G f/. Thus, by Lemma 13.1 1[ 
7>o G ^0+ n n^E'gc/ stabG(x') = ^0+ H flx'ef/ • Lemma [OOl 
the image of 7>o in (Gf)°(f) is unipotent. By Proposition 5.1.32(1) of 
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lfT3l . for every parabolic subgroup P C Gx, there is a facet J = Jp of 
B{G, F^^) containing x in its closure such that P(f) is the image in Gx(j) 
of G{F^% for any y e J. Now Gx,o+ C G(F"'^)^,o+ ^ GiF^^)y^o+ , 
so7>o G sta bG(F"")(y), for y G Up ^p- Since 7>o G ^0+ C G(F"'')o+ , 
Lemma [3Tm gives 7>o G G(F"'^)j, for y G |Jp Jp; that is, the image of 7>o 
in Gxij) lies in P|p P(f). By Theorem 13.16 of [7J and the fact that G^^ is re- 
ductive, we have that the image of 7>o lies in every maximal torus in G^;; in 
particular, is semisimple. On the other hand, since 7>o G Gq^ , by Lemma 
13 .101 there is a facet J containing x in its closure such that 7>o G Gyfi+ for 
y E J. By another application of Proposition 5.1.32(1) of lfT3l . the image 
of 7>o in Gx{f) is unipotent. Thus this image is trivial, so 7>o G Gx,o+ , as 
desired. 

Now suppose that t > 0. Since 7>t G Gx,t , we have that 'y<ctGx,t H 
(G" n stabG(a;)) ^ 0. Since the intersection is an open subset of G', it 
contains a semisimple element, say g'. Then 7 is a t- approximation to g', 
so, by Lemma [9^ there is an element k G [7; x, t] such that '^'j is a nor- 
mal t- approximation to g'. In particular, by Corollary |6.14[ Z^C^^y) C 

ZiGcig'T) ^ G'; so, by Remark [O0(T)| ^^7^ G G" for < i < t (hence 
also ''7<j G G'). Put 7' = ^"7, and note that x G Bt{'y') (hence, by Corol- 
lary |9Jl X G i3(Cg+^(7'),F)). Then [-f';x,t] = ''[r,x,t] = [r,x,t], so 
7' G [t';^.*1((G" n stahG{x))Gx,t+)- By Lemma I9l2l 7' G G'Gx,t+ ■ Since 
7^t = '=7<t e G", also 7^i G G"G^,t+ . 

As before, there is a semisimple element g" G 'jyfGx,t+ H G". Since 

a; G St(7), and Bt{-f) C i3(Gg+^(7), F) by Corollary O we have by 
Lemma that 7>j G Gx,t and by Lemma [3. 121 that 7^ G G'^. f . Thus 7!^^ G 
G"^. t . By C orolla ry [731 there is h e Gx,o+ such that ^g" G 7^4CG(7Dx,t+ • 
By Lemma [OOl 7>iG'G(7Dx,t+ ^ 71*^0 (7Dt+ • I n part icular, (7^) is a 
normal (t+)-approximation to ^g"; so, by Corollary 16.1 4[ Z(G'g(70°) ^ 
Z(Cg(''c/")°) ^ '^G'. Since 7^ G ZiCcii'tY), we have 7^ G '^G'. Thus 
7^ G ^G" n Gx,t = ^G'^ t C {G',G)x,{t,t+)- Since we saw above that 
y>t G G"G'^,t+ n Gx,t = (G", G')^,(t,t+), we have that 7^, G (G', G)x,it,t+) ^ 
(G" n stabG(a5'))G'a;,t+ , as desired. □ 

Proposition 9.14. Suppose that 

• re i>o; 

• (G', G) is a tame reductive F-sequence; 

• X e B{G', F); and 

• X G Bripi) or G' /Z{G') is F -anisotropic. 
Then 7 G (G' fl iit&hG{x))Gx,T if and only if 

(1) Z^^\-f)-fnGx,r^^,and 
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(2) ^Z^^\-f) C G' for some k e [7;x,r]. 

Remark 9.15. As in the proof of Lemma l9.12[ we could, if desired, replace 
the condition that ^zg'^ (7) C G' for some k G [7; x, r] by the condition that 
Zq'^ (7) C [t^^'^'IG''; but the stated form is more convenient for our purposes. 
An appropriate modification of Proposition 19. 1 41 also holds for r = 0. We 
do not state it, since the modified result is vacuous. 

Proof. For the 'only if direction, suppose that 7 G {G' fl stahG{x))Gx,r ■ 
If G'/Z{G') is F-anisotropic, then Lemma [9. 131 implies that x G Br{'j). 
Therefore, we may assume x G -6^(7). By Definition 19. 5 [ ([B holds. 

By Lemma l9.6l we have 7 G 'y<rGx,r ■ Thus 7<rGa;,rn(G'nstabGr(a')) 7^ 
0. If r < 00, then the intersection is open in G', hence contains a semisim- 
ple element, say 7'. If r = 00, then 7 belongs to the intersection and is 
semisimple, so we may take 7' = 7. Then (7, x) is also an r-approximation 
to 7'. By Lemma |9^ there is A; G [7;x,r] such that (^7i)o<i<r is a nor- 
mal r-approximation to 7'. By Corollary 16.141 ^zjj\'y) = Z^^O {'-)') C 
ZiCaiiT) C G'. 

For the 'if direction, suppose that x G -6^(7) and ^^^7) ^ ^^'^^''^G". 
By Definition [931 ^^'^7)7 n G^,^ 7^ 0. Therefore, 7 G ([^'^■^iG'OG'x.r , so 
there is A; G [7; x, r] with 7 G C^GOGx.r = ^{G'Gx,r)- By Remark [00(3)1 



7 G 7G'x,r • Thus 7 G G'Gx,r ■ Since ,t G Br{'y), we have by Lemma[ 
that 7>r G Gx.r ^ stabG(a^) and by Remark [6. 10(2) [ that 7<r G stabG(a;); 



so in fact 7 G G'G^-r H stabG(2;) = (G" fl stabG(a;))Ga;,r ■ 

For the 'if direction, it remains to prove that, if ^^''(7)7 fl Gx,r 7^ 0, 

Zg\7) ^ [^'^'^iG", and G'/Z{G') is F-anisotropic, then x G i3,(7). From 
Remark [6. 10(1)[ for each < i < r, there is fcj G [7; x, r] so that ^'7j G G". 



In particular, since G' /Z{G') is F-anisotropic and x G i3(G', F), we have 
that '^'7i, hence also 7i, acts by a translation on x. Since 7^ is bounded 
modulo center, in fact it fixes the image a; of x in B^^^{G, F). If z > 0, 
then dx{^"ji) = d(^"7i), so also d^(7i) = d(7i) = i; i.e., 7i G Gx,i. If 
r < cxo, then, by applying Lemma fhU repeatedly, one sees that x belongs to 
S(C£^(7), F). If r = 00, then S(Cg^(7), F) = S(Cg'^(7), F) for r' < 00 
sufficiently large, so again x G i3(G'Q^(7), F). By Definition [9. 5[ since we 
knew already that ^^ ''(7)7 ^ G'x^.r 7^ 0. this means that a; G ;Br.(7). □ 

Corollary 9.16. With the notation and hypotheses of Proposition 19. 14\ 7 G 

^-•«+ ((G" n stabG(x))G'^,,) if and only if-f^r e ^-°+G". 

Proo/ Suppose that 7 G '^^•"+ ((G' fl stabG(x))G'^,r) • Upon replacing 7 
by a G'a;,o+-conjugate, we may, and hence do, assume that 7 G (G" fl 



74 



ADLER AND SPICE 



stahG{x))G^,r . By Proposition [m 7<^ G ^gH^) - ^' - 
for some k G [7; x, r]. 

On the other hand, suppose that 7<r ^ *^^'°+G". Upon replacing 7 by 
a G3;,o+ -conjugate, we may, and hence do, assume that 7<r G G". Then 

Z^^\-f) = Z{CG{7<r)°) C G'. Since X G -6^(7) (either directly from the 
hypothesis, or from Lemma 19.131 if G' /Z(G') is F-anisotropic), certainly 

^g\i)i I~I ^x,r 7^ (by Definition 19 .5 1 ). By another application of Propo- 
sition |9]T4l 7 G stabG'(x)Ga.^r . □ 

Appendix A. Generalities on reductive groups 

In this section, F is an arbitrary field and G is a connected reductive F- 
group. The following results might already be known, but we were unable 
to find references. 

Lemma A.l. Let T be an F -torus, and S a closed (not necessarily con- 
nected) F -subgroup of T. Then there is an F-subtorus T' C T, split over 
the splitting field o/T/S, such that T = T'S. 

Proof. Note that S° is a torus. From Proposition 1.8 of flU, there is an F- 
torus T' C T such that T'S° = T and T' n S° is finite. Thus, T'S = T 
and T' n S is finite. Therefore T/S = T'S/S ^ T/{T n S) is isogenous 
to T', so CoroUaire 1.9(a) of [9] implies that the splitting fields of T' and 
T/S are the same. □ 

Corollary A.2. Suppose that 

• S is an F-torus in G, 

• N a closed F -subgroup of Z{G), and 

• S/(N n S) is F-split. 

Then Cg(S) is an F-Levi subgroup ofG. 

Proof. From Lemma IATTI there is an F-split torus S' such that S = S'(N fl 
S). Then ^^(S) = Cg(S'), which is an F-Levi subgroup of G. □ 

Lemma A.3. If N is a closed F -subgroup of Z{G) and 7 G Z{G){F) 
belongs to a torus which is F-split modulo N, then 7 belongs to every 
maximal F-split modulo N torus. 

Proof. By CoroUaire 1.9 of [9J, a torus is F-split modulo N if and only if 
it is F-split modulo N°. Thus we may, and hence do, assume that N is 
connected. By Proposition 22.4 of [TJ, the map G — > G/N is central. Let 
T be a maximal F-split modulo N torus such that 7 G T(F), and let T' be 
any other maximal F-split modulo N torus. In particular, by maximality, T 
and T' contain N. By Theorem 22.6 of [VJ, the images T and T' of T and 
T', respectively, in G/N are maximal F-split tori there. Thus, by Theorem 
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20.9 of p\, there isge (G/N)(F) such that = T'. (In fact, g may be 
chosen in (G/N)(F).) This means that 7 = ^7 G T'(F), where 7 is the 
image in G/N of 7. Thus 7 belongs to (NT')(F) = T'(F), as desired. □ 

Definition A.4. Let 7 G G be semisimple. Then the root values of 'j for G 
are the elements of { a{'y) | a G $(G, T)}, and the character values of'y 
are the elements of { xil) \ X ^ X*(T)}, where T is any maximal torus 
inCG(7)- 

Note that, by [|7l Corollary 8.5], the character values of 7 do not depend 
on the choice of T or G, and thus can be defined even when G is non- 
connected and 7^6*°. We will not pursue this here. 

Definition A.5. Recall from [45, §1.4.1] that a prime p is bad for a root 
system $ if there is some (integrally) closed subsystem $1 C $ such that 
Z<l>/Z$i has p-torsion; and that p is bad for G if it is bad for the absolute 
root system for G with respect to some (hence any) maximal torus. 

The sets of bad primes for the irreducible root systems are given below. 
$ bad primes for $ 

^nj Cji, Dfi {2} 

Ee^Ey, F4,G2 {2,3} 
Eg {2,3,5} 

In general, a prime is bad for a root system $ if and only if it is bad for 
some irreducible factor of $. 

Definition A.6. We say that an element of is bad for G if it is a non- 
trivial root of unity whose order has only bad primes for G as prime divi- 
sors. If 7 G G is semisimple, and no root value of 7 is bad for G, then we 
say that 7 has only good root values for G. 

Proposition A.7. Suppose that j & G is semisimple and has only good root 
values for G. Then L := Cg(7)° is a Levi subgroup ofG. 

Moreover, let E denote the minimal Galois extension ofF such that L is 
an E-Levi subgroup ofG, and E' the extension of F generated by the root 
values of 'J for G. Then E contains E'. Suppose that no root value of for 
G is a non-trivial root of unity. Then E = E'. 

The proof is adapted and generalized from part of the proof of Theorem 
4.14 of [|34ll . An early draft was discussed with Jonathan Korman. 

Proof. Let T be a maximal F-torus in G such that 7 G T. To prove the first 
claim, it is enough to construct an F-torus S C T such that L = Cg(S). 
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For a subset Y C X*(T), let C T denote the intersection of the 
kernels of the elements of Y. For a subgroup T' C T, let T'^ denote the 
lattice of characters in X*(T) that are trivial on T'. 

Let $ = $(G,T), $^ = {a e $ I 0(7) = l}, S = and S = S°. 
Since (by pS", §n.4.1(b)]) 

CG(S) = (T,U^:/3GS^n<l>) 

and 

L = (T,U, :«G$^), 

it will be enough to show that fl $ = 

We show that n $ C since the opposite containment is trivial. 
Put m = |S/S|. For a G S"^ fl $, we have ma G S"^ = which 
contains with finite index, so that some positive integer multiple of a 
lies in Z$^. Let n be the smallest positive integer such that na G Z$^. 
Since $^ is closed in $, n is by definition a product of bad primes. Since 
(na) (7) = 1, we have that a{'j) is an nth root of unity. But 7 has only good 
root values, so this implies that 0(7) = 1, and thus that a G 

It is clear that E must contain E'. 

We now prove the final statement of the proposition. Let Y^ denote the 
lattice of all characters in Z$ that are trivial on 7. Put S' = Y;^, and 
S' = (S')°. Then 7 G S'. Pick a positive integer n such that 7" G S'. Our 
hypothesis on the root values of 7 implies that for « G $, Q;(7") = 1 if 
and only if 0(7) = 1. Thus, by another application of [|45l §IL4.1(b)], 
Cg(7)° = Cg(7")°. Since S' C S, we have that L = Cg(7")° ^ 
Cg(S') D Cg(S) = L, and thus that L = Cg(S'). Therefore, it is enough 
to show that S7(Z(G)° n S') splits over E'. 

In order to do so, we must show that for a Galois splitting field L of T 
over E', the group T = Gal{L/E') acts trivially on the lattice generated 
by the restrictions to S' of roots in $. That is, we must show that T acts 
trivially on Z$/(Z<I> n S'^). Let a G F and a G By the construction 
of E', a{a) — a belongs to the lattice Y^. Since Y^ C S'^ C S'-^, we are 
finished. □ 

Lemma A.8. Suppose that j & G is semisimple. Then there is a positive 
integer n, not divisible by char F, such that no character value of 7" is a 
non-trivial root of unity. 

Proof Let T be an F-torus such that 7 G T, and put X = X*(T), y = 
I X G X I x(7) = 1}, and n = \(X/Y)tor\- Then no character value of 7*^ 
is a non-trivial root of unity. 

It only remains to show that n is not divisible by p := charF. Indeed, 
suppose that x ^ ^ and px G Y. Then xilY = 1- Since F has no 
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non-trivial pth roots of unity, xil) = 1, so x G F. That is, X/Y has no 



Lemma A.9. Suppose that T is a torus, and S is any subset ofT such that 
no character value of an element of S is a non-trivial root of unity. Then 
the Zariski closure of the group generated by S is a torus. 

Proof Let X = X*{T) and Y = {x e X \ xil) = 1 for all 7 G 5}. By 
assumption, X/Y is torsion free, so there is some lattice Xq C X such that 
X = Xo © F. Let S denote the Zariski closure of the group generated by S. 
By Corollary 8.5 and Proposition 8.7 of tVJ, there is an F-torus S' C T such 
that T = S° X S'. Fix 7 G 5, and write 7 = 707', with 70 G S° and 7' G S'. 
Every character x ^ X*(S') has a unique extension (which we will also 
denote x) to T that is trivial on S°. Let n = |S/S°|, so x(7)" = 1- By our 
assumption on S, xil) = 1- Therefore, xil') = xil)x{lo^) = 1- Since 
this is true for all x £ X*(S'), we have that 7' = 1; that is, 7 = 70 G S°. 
Thus S = S°; that is, S is connected. By Proposition 8.5 of 0, it is a 
torus. □ 

Corollary A.IO. Suppose that •y E G is semisimple, and that no character 
value of'-f is a non-trivial root of unity. Then Cg(7) is an E-Levi subgroup 
ofG, where E is the extension of F generated by the root values of'-y. 

Proof. Let S denote the Zariski closure of the group generated by 7. Then 
S is a torus by Lemma |X9l so Cg(7) = Cg{S) is a Levi subgroup of G. 
By Proposition lA.7l it is actually an £'-Levi subgroup. □ 

Lemma A.ll. IfM. is an F-Levi subgroup ofG, T is an F -split torus in 
G, and D is a subvariety o/M fl T defined over F, then D is contained in 
an F -split torus in M. 

Of course, we may take D to be M fl T if that variety is defined over F 
(in particular, if F is perfect). 

Proof. Put H = Cg(D)°, which is defined over F by Corollary 9.2 (and 
Proposition 1 .2) of [7] and reductive by [gll §11.4. 1(b)]. Let S be the F-split 
part of the center of M, so that M = Cg(S). Then S and T are F-split tori 
in H. Upon enlarging T if necessary, we may, and hence do, assume that it 
is a maximal F-split torus in H. Thus, there is h E H such that S C ^T. 
Then is an F-split torus that is contained in Cg(S) = M and contains 



p-torsion, so p does not divide n. 



□ 



D = D. 



□ 



For the remainder of this appendix, suppose that G is F-quasisplit, and 
H is a reductive F-subgroup of G of the same absolute and F-split ranks 
as G. 
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Lemma A.12. We have that H is F-quasisplit, and that H and G have the 
same E -split rank for every extension E / F. 

Proof. Let S be an F-split torus maximal in H, hence in G. Since G is 
F-quasisplit, the centralizer T := Cg(S) is a maximal torus in G. Clearly 
Ch(S) is contained in T and contains a maximal torus in H. Since H 
and G have the same absolute rank, T = Ch(S). This implies that H is 
F-quasisplit. 

Now let F/F be an extension. Then S is contained in a maximal F-split 
torus in G. This torus is necessarily contained in Cg(S) = T, hence in H. 
Thus, G and H have the same F-split rank. □ 

Lemma A.13. Let S be a maximal F-split torus in H, and fix a G $(H, S). 
If2aE $(G, S), then 2a G $(H, S). The unique closed connected sub- 
group of H with Lie algebra the sum of the a- and 2a-weight spaces in 
Lie(H) for the action ofS equals the unique closed connected subgroup of 
G with Lie algebra the sum of the a- and 2a-weight spaces in Lie(G) for 
the action of S. 

Proof. Put T = Cg(S), a maximal torus in G. Since H has the same 
absolute rank as G, also T = Ch(S), so H is also F-quasisplit. 

We will use throughout this proof the following fact: If a G $(H, T), 
then, since the a-weight space in Lie(G) is one-dimensional by Theorem 
13.18(4b) of [7J, the a-weight spaces in Lie(H) and Lie(G) are equal. 

Choose a character a of T which restricts to a such that the a-weight 
space in Lie(H) is non-trivial. Since G is F-quasisplit, by Proposition 
15.5.3(iii) of Il44l . any such character is of the form aa for some a G 
Gal(F'^^P/F). Since Lie(H) is Gal(F''^P/F)-stable, for any a G Gal(F"^P/F), 
the era-weight space in Lie(H) is also non-trivial, hence equal to the era- 
weight space in Lie(G). Since the a-weight space in Lie(H), respectively 
Lie(G), is equal to the sum of the aa-weight spaces in Lie(H), respectively 
Lie(G), as a runs over Gal{F^'^^ / F), in fact the a-weight spaces in Lie(H) 
and Lie(G) are the same. 

If 2a ^ $(G, S), then the 2a-weight spaces in Lie(H) and Lie(G) are 
both trivial. Otherwise, by another application of Proposition 15.5.3(iii) of 
Il44ll . there is an element a G Ga^F^'^P/F) such that a+aa G $(G, T). By 
Il44l §17], the irreducible factor of $(G, T) containing a and aa is of type 
A2rt. By fTO', §4.3], the a- and era-weight spaces in Lie(G) do not com- 
mute. Since both weight spaces lie in Lie(H), so does their commutator. 
Since their commutator lies in (in fact, equals) the (a + era) -weight space 
of Lie(G), we have that the (a + era)-weight space of Lie(H) is non-trivial. 
Thus the 2a-weight space of Lie(H) is non-trivial; i.e., 2a G $(H, S). This 
is the first part of the lemma. Now an argument similar to the above shows 
that, actually, the 2a-weight spaces of Lie(H) and Lie(G) are equal. 
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Thus the two Lie algebras mentioned in the statement of the lemma are 
equal, so the groups mentioned there are also equal. This is the second part 
of the lemma. □ 

The following geometric result is well known in case H is a maximal 
F-torus in G. 

Lemma A. 14. Suppose that 

• H is connected; 

• S is a maximal F -split torus in H; and 

• he H(F) and, for each a G $(G,S) \ $(H, S) with a/2 ^ 
$(G, S), ua e Va(F). 

Denote by mn the multiplication map 

H X II Va^G 

aG'5(G,S)\*(H,S) 
a/2^<I>(G,S) 

( the latter product taken in any order). Then ihh is injective, and mn (/i, (wa) ) ^ 
G if and only ifh G H and Ua G Uafor a G $(G, S) \ <I>(H, S). 

Proof. Put T = Cg(S), a maximal torus in G; and abbreviate mn to m. By 
Proposition 14.4(2a) and Corollary 14.14 of [VJ, the multiplication maps 
T ^ n/3g$(j T) U/3 — »• J are open immersions for any connected reductive 
subgroup J of G containing T. By Lemma lA. 131 if a G $(H, T), then 
the root subgroups of G and H associated to a are the same, so we may 
write \Ja without ambiguity. By Proposition 14.5 and Remark 21.10(1) of 
[|7l, for a G $(G, S), = H I r , (as varieties). Fix, temporarily, 

a G $(G, T), and put a := a\^. If a G $(H, S), then C H is 
contained in the domain of m. If a ^ *^'(H, S) and a/2 ^ $(G, S), then 
Uq, C Ua is obviously contained in the domain of m. If a ^ '&(H, S) but 
a/2 G $(G, S), then, by LemmalAH also a/2 ^ ^(H, S). Then U« C 
Ua/2 is contained in the domain of m. Thus there is an open subset V := 
^ ^ rioe^CG T) Ua of the domain of m on which m is an open immersion. 
Moreover, the orbits of V under the action of H fill out the domain of m. 
Since m is H-equivariant, we have that the differential of m at every point 
of its domain is an isomorphism. By Zariski's main theorem (see CoroUaire 
18.12.13 of (19]), m is an open immersion; in particular, it is injective. 

Denote by C the image of m. (For example, if H = T, then C is a 
translate of the 'big cell'.) Then m is an isomorphism onto C, so C(F) 
is the image under m of the set of F-rational points in the domain of m, 
namely H x nae<i>(G,s)\$(H,s) Ua- The remainder of the result follows from 

a/20<I>(G,S) ' 

the injectivity of m. □ 
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Lemma A.15. Suppose that E/F is a finite Galois extension of odd degree. 
IfG splits over E, then p'$(G) is reduced. 

Proof. Let S be a maximal F-split torus in G and put T = Cg(S), a max- 
imal F-torus in G. If $(G, S) is not reduced, then, by 01 §17], $(G, T) 
has an irreducible factor of type A2„ for some n and Gal{E/F) acts non- 
trivially on the Dynkin diagram of A2n- This implies that E/F has even 
degree, which is a contradiction. □ 

Appendix B. Generalities on concave functions 
Let $ be a root system in some Q-vector space V. Put $ = $ U {0}. 

Definition B.l. Given C G R and functions fj : $ — > M for j = 1, 2, we 
define the function (/i V f2)c '■ ^ — ^ ^ U {-oo} by 



the infimum (in M) taken over all pairs of non-empty finite sequences (am)m 
and (6„)„ in $, both of length at most C, such that am + J2n = 



It is straightforward to verify that, for any functions /i and /2 as in Def- 
inition IB.1[ fi V /2 is concave (in the sense of Definition 15.71) as long as 
(/i V /2)(a) 7^ —oo for all a G $ (in particular, by the next result, as long 
as (/i V /2)(0) 7^ — oo); and that a function / : $ — > M is concave if and 
onlyif/V/>/. 

Lemma B.2. There is a constant C($), depending only on $, with the 
following property. Fix functions fj : $ — > M. for j = 1,2. If {fi V 
/i)(0) 7^ — oo 7^ (/2 V /2)(0) (in particular, if fi and f2 are non-negative), 
then /i V /2 = (/i V /2)c(*). 

Proof Note that, in fact, [f^W fj){0) > 0, so /^(O) >J(/j V fj){0) > 0, 
for j = 1, 2^Put C(0) = 2 |<l>| and C(a) = = 3 |$| for « G $. 

Fix a G $, and put C = C{a). We claim that there does not exist a pair 
of non-empty finite sequences (am)m and (6„)„ in $ such that J^m'^rn + 
6„ = a but 



Indeed, suppose there does exist such a pair, and let {{am)m, (&n)n) be one 
of minimal total length, say i. 




Put /l V /2 = (/l V /2) 



m 



n 
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Let {cp)o<p<e be a sequence containing precisely the terms of (am)m and 
{bn)n, counted with muMplicities. Recall that a = X]p=o '^p ^ ^- 
claim that there is a permutation vr of {0, 1, — 1} such that c^^^ := 
^p^o C7r(p) G $ for all < i < i. By induction, it suffices to show that 

there is some index < < £ such that a — G $. If a = 0, then any 
index po will do. If « 7^ 0, then, since 

e-i 

(^a, Cp^ = {a, a) > 0, 

p=0 

there is some index pq such that {a,Cpg) > 0. Then, by the corollary to 

Theorem VI.1.3.1 of [llj, Cp^ G 

Since, necessarily, i > |$|, there are indices < i < i' < i such that 
^(i) ^ ^{i )^ hence such that J2i<p<i' '^Hp) ^ 0- 'That is, there is some proper 
subsequence of {am)m U (&n)n the sum of whose terms (with multiplicities) 
is 0. Let {'~fq)q be of maximal length among such subsequences. There are 
four cases. 

(1) The terms of (7^)^ form a proper subsequence of the terms of {am)m, 
or a proper subsequence of the terms of (6n)„ (counted with multi- 
plicities). 

(2) The terms of {'jgjg include some, but not all, of the terms of (0^)™. 
and some, but not all, of the terms of (6„)n (counted with multi- 
plicites). 

(3) The terms of (7^), are precisely the terms of (am)m, or precisely the 
terms of (&„)„ (counted with multiplicities). 

(4) The terms of (7^)5 include all of the terms of (am)m and some 
(but, necessarily, not all) of the terms of (6„)„ (counted with multi- 
plicites), or vice versa. 

In case ([T]), if the first possibility obtains, let {am')m' be the subsequence 
of (ctm)m containing the terms of (7^)5, and {a„i")m" the complementary 
subsequence. Then 

(/l V /2)c(«) > Yl + Yl + Yl 

m' m" n 

> min{A(0), (/i V /i)(0)} + Yf^M + E/2(^n). 

m" n 

Since min{/i(0), (/i V /i)(0)} > 0, we have 

(/i V h)c{a) > Y + Y 
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contradicting the minimality of {{am)m, (&n)n)- The second possibility is 
handled similarly. 

In case Q, let (a^Om' be the subsequence of (am)m containing the terms 
it shares with (7^)5, and {am")m" the complementary subsequence. Define 
{bn')n' and (6n")n" similarly. Then 

(/l V /2)c(a) > Yl + E /2(^n') + E + E 

m' n' m" n" 

> ifl V /2)(0) + J2 + E ^2(^n")- 

m" n" 

Since (/i V /2)(0) > 0, we obtain a contradiction as before. 

Suppose we are in case ([3]). Then Ylim^^^'Ylin^n ^ $. Necessarily, 
(am)m or {hn)n has length greater than |$|; say (am)m does. (The other 
possibility is treated similarly.) By reasoning as above, we see that there is 
some proper subsequence (flmOm' of {0'm)m, such that Yl,m' ^rn' = 0. Let 
(flm")m" be the complementary subsequence. Then 

m' m" n 

> min {/i(0), (A V /i)(0)} + 5^ Mam") + ^ M^n). 

m" n 

Since min {/i(0), (/i V /i)(0)} > 0, we obtain a contradiction as before. 

In case (31), if the first possibility obtains, let (6„')„' be the subsequence 
of {bn)n containing the terms it shares with (7g)g, and (6„")„" the comple- 
mentary subsequence. If a = 0, then 

rn n' n" 

> Y + Y + {/2(0), (/2 V /2)(0)} . 

m n' 

Since min {/2(0), (/2 V /2)(0)} > 0, we obtain a contradiction in the usual 
fashion. The second possibility is handled similarly. Thus we have shown 
that(/iV/2)c(o)(0) = (/iV/2)(0). 

Now suppose a 7^ 0. If had more than |$| terms, then the usual 

argument would show that (7^)^ was not maximal, which is a contradiction. 
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Thus 



rn n' n' 



> (/i V hm + J2 = (/i V /2)c(o)(o) + f^M 



n' 



> (/i V /2)c(o)+|$|(«) = (/i V /2)c(a), 



a contradiction. Again, the second possibility is handled similarly. 



We have shown that (/i V /2)(a) > (/i V /2)c;(a) > (/i V /2)c(*)(a)- 



The reverse inequality is obvious. Since a G $ was arbitrary, we have the 



for a G $. Fix functions fj : $ — M.for j = 1,2,3 j'wc/z /i V /2 > /s- 
TTien /i ,5 V /2,5 > f 3,5 for 6 G ]R>o sufficiently small. If also (/i V /2)(a) > 
/3(a) whenever /3(a) 7^ 00, V f2,s > h,5 + efor 6,e G ]R>o 

sufficiently small. 

Proof. Consider the set of all r — s, where r, s G M with s < r are such that 
there exist non-empty finite sequences (am)m and (6„)„ in $, each of total 
length no more than C{^), such that 

• E™/iK) + E„/2(Me{r,r+}; 

• " := Em + En e ^ud 

• /3(a) G 

(Here, C($) is as in Lemma |R2| ) This is a finite set of positive real 
numbers. Let c be its minimum. We claim that the first inequality holds 
whenever 5 < c, and the second holds (if (/i V /2)(«) > fsia) whenever 
f-i{a) < 00) whenever e < 5 < c/2. Indeed, fix 5 < c and any a G 
If /3(a) = 00, then (/i V /2)(a) = 00, so 



(*) {fi,s V f2,s){a) > (A V /2)(a) = 00 = f^^a) + (c - 6). 



Now suppose that /3(a) G {s, s+} with s G M. By Lemma lR2l there 
exists a pair (am)m and (6„)„ of non-empty finite sequences in $, each of 
length no more than C(<l>), such that Y.m «m+E„ = « and /i,5(am) + 



E„/2,5(M = (/MV/2,5)(a). 

If some /i(a™) or /2(6n) is 00, then (/i,^ V /2,5)(a) = 00 > /3,5(a). 



desired equality of functions. 



□ 



Lemma B.3. For any function h : $ 



M and any 6 G ]R>o, 




G M U {00} , 
r + 6, h{a) = r+,r G M 
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If all /i(a^) and /2(6n) are in M and Y.m + En Man) = s, then 

/3(Q;) = s = (/iV/2)(a)and 

(t) if 1,5 V /2,5)(«) = + 5^/2(&n) = S = Mc^). 

m n 

If all fi{am) and /2(6n) are in R and /i(«m) + E„ /2(an) > s, then 
(**) (/MV/2,5)(a) = $^/i(a„J + $^/2(6n) > s+c > /3,5(«) + (c-5). 

m n 

Now suppose that some/i(a„i) or /2(6n) isnotinRujoo}; say /i(a^o) = 
(i+ with ci e M. Since 

J] /i(aJ + ^/2(M)+>(/iV/2)(a)>/3(a)>s, 
we have d + Em^mo + En /2(^n) > hence 

a) 

(/MV/2,5)(a) > ^ /i(aJ + ^/2(6n) > > /3,5(a). 

If further (/i V /2)(a) > /3(a), then similar reasoning gives 
(***) (/i,<5 V /2,5)(a) > /3,5(a) + min{c, 6]. 

By (*), (t), (**), and (f), we have (/i,^ V /2,i)(a) > /s.^l")- By (*), 
(**), and (***), if (/^ V /2)(tt) > /3(tt) and e < 5 < c/2, then we have 
V /2,5)(a) > /3,5(a) + min{c -8,5}> h^) + □ 
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Index of notation 



G 


^3.11 


^sep 


^3.2| 


^tame 


^3.2| 


^un 


^3.2| 




^3.2| 


^(S) 














^3.21 


^(G,S) 


^3.2| 


*(G,S) 


^3.21 


Gr 


^3.41 


Grx,r 


^3.41 


Ue{G)x,r 


^3.41 


dx 





d 












Gx,f' 






§6] 




m 




m 




m 




m 


(Gd«(^)) 


m 


[7; X, r]^-') 


m 


[7; X, r] 


m 


4^(7) 


m 



4^(7) 

Ir.x.rf^^ 

[7; a;, r] 

4^(7) 
4^(7) 
4^7) 

4(7) . 
[7; X, r]*^-^^ 
[7;x,r] 
|7;x,r]^^^ 
[7; X, r] 
/1V/2 

/l5 



Index of terminology 

absolutely semisimple, Definition |4.1 II 
admissible sequence (of numbers), Definition 15 .81 
affine root (unusual usage), §3.21 
r-approximation. Definition 16.81 

character values of a semisimple element. Definition IA.4I 
compatibly filtered F-subgroup, Definition |43] 

filtration-preserving map. Definition 14.31 

good element. Definition 16. II 
good root values. Definition I A. 6 1 
good sequence. Definition 16.61 

Levi subgroup 

F-Levi subgroup, p. [T5] 
F-Levi F-subgroup, p. [15] 

(x, /)-positive. Definition 15. 101 
preserves filtrations. Definition 14.31 

root values of a semisimple element, Definition IA.4I 
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sufficiently large field, Definition 15. 5 1 

F-tame, Definition |4]2l 

tame Levi sequence, Definition [53] 

tame reductive sequence, Definition l5.ll 
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